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The aim of this paper is to prove the Kazhdan-Lusztig type character formula for irre- 
ducible highest weight modules with positive rational highest weights over symmetrizable 
Kac-Moody Lie algebras. 

Let us formulate our results precisely. Let q be a symmetrizable Kac-Moody Lie 
algebra over the complex number field C with Cartan subalgebra f). We denote by W 
the Weyl group and by {aj} ig / the set of simple roots. For a real root a, we define the 
corresponding coroot by a v = 2a/ (a, a), where ( , ) denotes a standard non-degenerate 
symmetric bilinear form on f)*. For A £ f)*, let A + (A) denote the set of positive real 
roots a satisfying (ct v , A) £ Z, and let 11(A) denote the set of a £ A + (A) such that 
Sq,(A + (A) \ {a}) = A + (A) \ {a}. Here s a £ W denotes the reflection with respect to a. 
Then the subgroup W(X) of W generated by {s a ; a £ A + (A)} is a Coxeter group with 
the canonical generator system {s a ; a £ n(A)}. Fix p £ \f satisfying (p, a/) = 1 for any 
i E I and define a shifted action of W on fj* by 

w o A = w(X + p) — p for w £ W and A £ fj*. 

For A £ Fj* let M(A) (resp. M*(A), L(X)) be the Verma module (dual Verma module, 
irreducible module) with highest weight A. We denote their characters by ch(M(A)), 
ch(M*(A)), ch(L(A)) respectively. We have ch(M(A)) = ch(M*(A)), and ch(M(A)) is 
easily described. 

The main result of this paper is the following. 

Theorem 1.1 Assume that A £ fj* satisfies the following conditions. 

(1.1) 2 (a, A + p) 7^ (a, a) for any positive imaginary root a. 

(1.2) (a v , A + p) $l Z< for any positive real root a. 

(1.3) If w <E W satisfies w o A = A ; then w = 1. 

(1.4) (a v , A) £ Q for any real root a. 

Then for any w £ W(X) we have 

(1.5) ch(M(^ o A)) = J2 PU 1 ) ch (L(y o A)), 

y>\w 

(1.6) ch(L(w o A)) = £ (-lY xiv) - txH Qt, y (l) ch(M(y o A)). 

Here, >\, i\, P^ y , Qty denote the Bruhat ordering, the length function, the Kazhdan- 
Lusztig polynomial, and the inverse Kazhdan-Lusztig polynomial for the Coxeter group 
W{X), respectively. 
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When g is a finite-dimensional semisimple Lie algebra, this result for integral weights 
was conjectured by Kazhdan-Lusztig fl9fl , and proved by Beilinson-Bernstein [p] and 



Brylinski-Kashiwara independently. Later its generalization to rational weights was 



obtained by combining the results by Beilinson-Bernstein (unpublished) and Lusztig |2T 



As for the symmetrizable Kac-Moody Lie algebra, Theorem for integral weights 
was obtained by Kashiwara(-Tanisaki) in |14| and |16[ (see also Casian [[3]). We note that 
a generalization of the original Kazhdan-Lusztig conjecture to affine Lie algebras in the 
negative level case was obtained by Kashiwara-Tanisaki [17|, Casian |4[] (integral weights), 
Kashiwara-Tanisaki |Tj|] (rational weights). We finally point out that for w = 1 was 
proved by Kac-Wakimoto ||TT| . 

Let us give a sketch of the proof of our theorem. 

Let X = G/B~ be the flag manifold introduced in Kashiwara | 13| , which is an infinite- 
dimensional scheme. We have a stratification X = \J w& w X w by finite-codimensional Schu- 
bert cells X w = BwB~ / B~ . For A G I)* let D\ be the TDO-ring (ring of twisted differential 
operators) on X corresponding to the parameter A. For w G W define .D^-modules B W (X) 
(resp. Ai w (X), C W (X)) as the meromorphic extension (resp. dual meromorphic extension, 
minimal extension) of the -Dx™ -module Ox w to a /^-module. They are objects of the 
category H(A) consisting of iV + -equivariant holonomic -DA-modules. 

For A G Pi* satisfying the conditions ( |1.1| ), ( |1.2| ) and (|L~3| ), we define a modified global 
section functor T from H(A) to the category M(g) of g-modules. Then Theorem is a 
consequence of the following results. 

Theorem 1.2 Assume that A G f)* satisfies the conditions (|1 . 1| ) , ( |1 . 2|) and (|1.3| ). 

(i) The functor f : H(A) M(g) is exact. 

(ii) f(B w (X)) = M*(wo A) for any w G W. 
(hi) f(M w (X)) = M(w o A) for any w eW. 
(iv) T{C W {X)) = L{wo A) for any w G W . 



Theorem 1.3 Assume that X G f)* satisfies the condition (|1.4j) . Then for any w G W 
which is the smallest element of wW(X) and any x G W(X), we have 



(1-7) [£ WX (X)\ = £ {-l)^ v) -^ x) Ql y {l)[M wy {X)} 

in the {modified) Grothendieck group K(M(X)) ofM(X). 
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The proof of Theorem |1.2| is similar to the one in 
also use the modified localization functor D\(E) • from a category of certain g-modules to a 

HI. 



In the course of the proof we 
gory of certain g-modules tc 
and we prove simultaneously that D\(£)T(J\A) 



category of certain D A -modules as in 
M. for any M. G Ob(H(A)). Aside from the technical complexity in dealing with non- 
integral weights, the main new ingredients compared with the integral case [H]] are the 
embeddings of Verma modules (Theorem |2.5.3|) and the proof of the injectivity of the 
canonical morphism M{w o A) — > ^(^^(A)) (Proposition ^4.7.2j ). 
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The proof of Theorem |1.3| is based on the theory of Hodge modules by M. Saito [23 



as in [T^|. As for the combinatorics concerning the Kazhdan-Lusztig polynomials we use 
the dual version of the result in IE2I. 



In the afflne case, we can deduce the non-regular highest weight case from the above 
result by using the translation functors. 

Theorem 1.4 Let g be an afflne Lie algebra, and assume that A G ()* satisfies 

(1.8) (5, A + p) 7^ 0, where 5 is the imaginary root. 

(1.9) (a v , A + p) G Q \ Z <0 for any positive real root a. 

Then Wq{\) = {w G W; w o A = A} is a finite group. Let w be an element ofW(X) which 
is the longest element ofwWo(X). Then we have 

ch(L(w o A)) = £ (-l)^-^)Q^(l) ch(M(y o A)). 

y>\w 



A motivation of our study comes from a recent work of W. Soergel [24] concerning 



tilting modules over affine Lie algebras. We would like to thank H. H. Andersen for leading 
our attention to this problem. 



2 Highest weight modules 
2.1 Kac-Moody Lie algebras 

In this section, we shall review the definition of Kac-Moody Lie algebras, and fix notations 
employed in this paper. 

Let f) be a finite-dimensional vector space over C, and let II = {aj}j e / and Il v = {hi}i & i 
be subsets of fj* and f) respectively indexed by the same finite set I subject to 

(2.1.1) II and Il v are linearly independent subsets of lj* and f) respectively, 

(2.1.2) ((hi,aj))ij(zj is a symmetrizable generalized Cartan matrix. 

Here ( , ) : () x (j* — > C denotes the natural paring. The elements of n and n v are called 
simple roots and simple coroots respectively. We fix a non-degenerate symmetric bilinear 
form ( , ) on f)* such that 

(2.1.3) {ai,ai)eQ >0 for any i 6 I, 

(2.1.4) (hi, X) — 2(A, ati)/(at4, at*) for any A 6 fj* and i & I. 

We denote the corresponding Kac-Moody Lie algebra by q. Recall that g is the Lie 
algebra over C generated by elements e^, fi (i G I) and the vector space f) satisfying the 
following defining relations (see Kac 0): 

[h,h'] = for h, h' G t), 
, 1 5 ^ [h, e»] = (h, aa)ei, [h, f] = -(h, ai)f for h G ^ and i G /, 

' ' ~ * * ' ' [ei, fj] = Sijhi for i, j G I, 

ad(e i ) 1 -^ i '°^(e i ) = ad(/ i ) 1 ~^' a ^(/ j ) = for i, j E I with i ^ j. 
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Define the subalgebras n + , n ,b,b of g by 

(2iQ) n + = (ei; i E I), xC = (ft; i e I), 

{ '' } b = (h,ei\ h et),i G I), b~ = (h,ft; h G f>,i G I). 

The vector space b, is naturally regarded as an abelian subalgebra of 0, and we have the 
decompositions 

(2.1.7) = n _ ©f)©n + , b = f)©n + , b" = fj0n". 

For A 6 I}* set Qx = {x E q ; [h, x] = (h, X)x for h E f)}, and define the root system A 
of q by 

(2.1.8) A = {AGO*;0A7^O}\{O}. 
Set 

(2.1.9) Q = E < 5 ± = ± E Z >o«*, 

(2.1.10) A ± = AnQ ± . 

We have II C A + and A = A + UA". The elements of A + and A - are called positive and 
negative roots respectively. 

For a subset of A such that (6 + 6) fl A C we define the subalgebra n(0) of 5 by 

(2.1.11) n(0) = E 0a- 

For a = Y,i£i m i a i £ Qi its height ht(a) is defined by 

(2.1.12) ht(a)=E m i- 

iei 

For i G / define the simple reflection G GL(b,*) by 

(2.1.13) s i (\)=\-(h i ,\)a i . 

The subgroup W of GL(b,*) generated by S = {s, ; % G /} is called the Weyl group. 

It is a Coxeter group with the canonical generator system S. The length function 
£ : W — > Z> of the Coxeter group W satisfies 

(2.1.14) £(w) = (J(A _ n wA + ) for any w E W. 
We denote the Bruhat ordering on W by >. Note that we have 

(2.1.15) (w\,wfi) = (A,/i) for any A,/i G f)* and wG^. 
Set 

(2.1.16) A rc = WIT, A im = A\A rc , A r ± e = A re nA ± , A± = A im n A± . 

The elements of A rc and A im are called real and imaginary roots, respectively. For a G A rc 
set 

(2.1.17) a v = 2a/(a,a), 



and define the reflection s a E GL(t)*) by 

(2.1.18) s a (X) = A — (A, a v )a. 

Then we have s a E W for any a E A re . 

We fix a vector p E fj* such that (/ij, p) = 1 for any i E /. Then the shifted action of 
IT on f)* is defined by 

(2.1.19) wo\ = w {\ + p) -p. 

Note that p — wp E Q + for any w E W and it does not depend on the choice of p. 
2.2 Integral Weyl groups 

In this section, we study the properties of integral Weyl groups. We start the study in a 
more general setting []. 

Let Ai be a subset of A re satisfying the following condition: 

(2.2.1) s a /3 E Ai for any a, (3 E A l . 
In particular, we have — Ai = Ai. We set 

(2.2.2) A^ = Ai n A ± , 

(2.2.3) IT = {aE A+; Sq (A+ \ {«}) C A+}, 

(2.2.4) W x = (s a ; a E IT) C W. 

We call the elements of A^ (resp. Aj~, 111) positive roots (resp. negative roots, simple 
roots) for Ai, and W\ the Weyl group for Ai. 

Note that if Ai satisfies the condition fl2.2.1| ), then wAi also satisfies ( 2.2.1] ) for any 
w E W . 

Lemma 2.2.1 If Ai contains a simple root ai, then ai is in IT. 

Lemma 2.2.2 Assume that ai £ A x . Set A[ = SjAi. Then A\ satisfies the condition 
( p.2.1| ). Moreover A[ f] A + = Si Af , the set of simple roots for A[ is SjII 1; and the Weyl 
group for A[ is SjWiSj. 

The above two lemmas immediately follow from SjA + = (A + \ {a^}) U {— a{\. 

Lemma 2.2.3 If a E IT and i E I satisfy (ai, a) > 0, then either a = ai or ai E" A\. 

1 After writing up this paper, the authors were informed by S. Naito the existence of two papers, 
R. Moody-A. Pianzola, Lie Algebras with Triangular Decompositions, Canadian Mathematical Society 
series of monographs and advanced texts, A Wiley-Interscience Publication, John Wiley & Sons, 1995, and 
Jong-Min Ku, On the uniqueness of embeddings of Verma modules defined by the Shapovalov elements, 
J. Algebra, Vol. 118, (1988) 85-101. They showed results similar to those in this subsection b y a di fferent 



formulation and method. In the last paper, Ku also obtained a result weaker than Theorem 2.5.3 
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Proof. Assume a ^ a; and « 8 £ Ai. Then ft = s a ai = a^ — (a v , aci)a is a positive root. 
Then a^ = ft + (a v , ai)a contradicts (a v , ai) G Z >0 . Q.E.D. 

Lemma 2.2.4 For any a G IT there exist w G W and i G / such that wa = ai and 
wAf = wAifl A+. 

Proof. We shall show this by induction on ht(a). If ht(a) = 1, then there is nothing to 
prove. Assume ht(a) > 1. Write a = m j a j with rrij > 0. Then we have 

< (a, a) = rrij(a, aij), 

and hence there exists some j G I such that (a, a,) > 0. Since lit (a) > 1, we have a ^ aj 
and hence acj £ Aj by Lemma [2.2.3| . Set A' x = SjAi, (A' 1 ) + = SjA^",!!^ = SjTIi. Then 



(A' 1 ) + and H[ are the set of positive and simple roots for A^ respectively by Lemma [2.2.2 . 
Set a' = Sja G n^. Since ht(a') < ht(a), there exist some w' G W and i G / such that 
w'a! = ai and w'(A' 1 ) + C A + by the hypothesis of induction. Then setting w = w'sj we 
have wa = a { and wAf = w'(A[) + C A+. Q.E.D. 

The following lemma follows from the above lemma by reducing to the case a = a^ 
for i G I. 

Lemma 2.2.5 For any positive integer n and a G Hi, we have na %>oft- 

/3e(A+\M)uA+ m 

Lemma 2.2.6 For any ft G A^ ; there exists a G IT such that (a, ft) > 0. 

Proof. We shall prove this by the induction on ht(ft). If ht(ft) = 1, then Lemma p. 2.1 



implies ft G IT, and we can take ft as a. Assume that ht(ft) > 1. Take i such that 
(ai, ft) > 0. If «j G Ai, then it is enough to take a^ as a. Now assume that «j G" A x . 
Set A' x = SiAi,(A[) + = SiAfjH^ = Sjlli. Then (A^) 4- and 11^ are the set of positive 
and simple roots for A[ respectively by Lemma |2.2.2| . Set ft' = sift G (A^) 4 ". We have 
ht(/3') < ht(/3) by (ft, at) > 0. Hence by the hypothesis of induction there exists some 
a' G U[ such that (a', ft') > 0. Then a = s^a' G IT satisfies = (a', ft') > 0. Q.E.D. 

Lemma 2.2.7 (i) Ai = Willi. 

(ii) Af C E aeni ^>o"- 

(iii) W\ contains s a for any a G Ai. 

Proof. Since (iii) follows from (i), it is enough to show that any ft G A] 1 " is contained 
in WiIL f| Eaerii ^>o a - We shall prove this by the induction on ht(ft). By Lemma [2.2.6 



there exists a G IT such that (a , ft) > 0. If /5 = a , then there is nothing to prove. If 
ft 7^ «o, then 7 = s ao /? G A+ by the definition of IT and ht(7) < ht(ft). Now we can 
apply the hypothesis of induction to conclude 7 G Willi f) Eaerii ^>o«, which implies the 
desired result. Q.E.D. 
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Lemma 2.2.8 For a G Af, the following conditions are equivalent. 

(i) a GlIi. 

(ii) spa G Aj~ for any (3 G A+ such that (a,/3) > 0. 

(iii) a cannot be written as a = m\fi\ + m 2 /^2 for (3 U G Af and m„ G Z >0 (i> = 1, 2). 

(iv) a cannot be written as a = YZ=i f or k > 1, (3 U E Af (1 < v < k). 



Proof. (i)=>(iv) follows from Lemma 2.2.5 . (iv)=>(iii) is trivial. (iii)=^(ii) is also imme- 



diate. Let us prove (ii)=^(i). By Lemma |2.2.6| , there exists (3 G III such that ((3, a) > 0. 



Hence 7 = — s^a G Af. Rewriting this, we have (f3 y ,a)[3 = + 7. Then Lemma p. 2. 5 



implies a = (3 or 7 = (3. It is now enough to remark that 7 = (3 implies a — (3. Q.E.D. 
The following proposition is proved by a standard argument (see e.g. [|T8| , §3.2]). 

Proposition 2.2.9 (i) W\ is a Coxeter group with a generator system S\ = {s a ; a G 
II.}- 

(ii) Its length function t\ : W\ — > Z> is given by t\{w) = U(Aj" fl wAf). 

(iii) For x, y G W , x >i y with respect to the Bruhat order >i for (W%, Si) if and only if 
there exist f3\, . . . , (3 r G Af (r > 0) such that x = ysp 1 • • ■ Sp r and ysp 1 ■ ■ ■ Sp. x (3j G 
Aj" for j = 1, . . . ,r. 



Lemma 2.2.10 For a, (3 G Hi such that a 7^ (3 we have (a,/3) < 0. 



Proof. We have s a (3 G Af by the definition of EL. Since (3 E Hi, Lemma |2.2.8| implies 



the desired result. Q.E.D. 

By this lemma, a v )) n is a symmetrizable generalized Cartan matrix. Hence 

W\ is isomorphic to the Weyl group for the Kac-Moody Lie algebra with ((/3, a v )) ^ n 
as a generalized Cartan matrix. 

Proposition 2.2.11 For w G H^ the following conditions are equivalent. 

(i) > /or any x G twWi. 

(ii) vox > wy for any x, y G Wi snc/i x >i y. 

(iii) wA| c A+. 

Proof. Let us first prove (iii)=^(ii). We may assume without loss of generality that 
x = ysp for some (3 G Af. Then y/3 G A^ and hence wyf3 G A + . This implies wx = 
wysp > wy. 

(ii) implies (i) by taking y = 1 in (ii). (i) implies (iii) because, for any a G Af, 
l{ws a ) > l(w) implies wa G A + . Q.E.D. 
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For A G f)* set 

r99 ^ A ( A ) = {/^eA re ; (/5V ;A + p)GZ} 

1 j = {/3GA rc ; (/3 V ,A)GZ}. 

This satisfies the condition ( gXTj ). We set A ± (A) = A(A) n A±. Let n(A) and W(A) 
be the set of simple roots and the Weyl group for A(A), respectively. We call W(X) the 
integral Weyl group for A. We denote by t\ : W(X) — > Z> and >a the length function 
and the Bruhat order of the Coxeter group W(X), respectively 

Remark. 



In fl8fl , we introduced W(X) and W'(X). The integral Weyl group introduced here 
is equal to W'(X) loc.cit. As a matter of fact, W(X) and W'(X) loc.cit. coincide. 



The opposite statement in |18, Remark 3.3.2] should be corrected. 



The set n(A) is linearly independent when q is finite-dimensional. But it is not 
necessarily linearly independent in the affine case, although we have assumed the 
linear independence of {aj}j 6 /. For example, for g = A3 and A = (Ai + A 3 )/2, we 
have n(A) = {«o, «2, — «o + 8, —a 2 + S}. 



(iii) For x, y G Wi, x >i y implies x > y (Lemma 2.2.11Q . However the converse is 



false in general. For example for q = A3 and A = (Ai + A^)/2 1 we have n(A) = 
{a 2 , ai + a 2 + a 3 } and s ai+a2+a3 > s a2 . 

2.3 Category of highest weight modules 

In this subsection we shall recall some properties of the category O of highest weight 
0-modules. 

In general, for a Lie algebra a we denote its enveloping algebra by U(a) and the 
category of (left) ?7(a)-modules by M(a). 
For k G Z> set 

(2.3.1) = n(±A+) with A+ = {a G A + ; ht(a) > k} 



see (p.l.llj) and ( 2.1.12 ) for the notation). A [/(g)-module M is called admissible if, for 



any m E M, there exists some k such that n^m = 0. We denote by M a( i m (g) the full 
subcategory of M(g) consisting of admissible [/(g)-modules. It is obviously an abelian 
category. 

For M G M(fj) and £ G fj* we set 

M 5 = {u G M ; (h- (h, £)) n u = for any h G I) and n » 0}. 

It is called the generalized weight space of M with weight £. We denote by O the full 
subcategory of M(g) consisting of U (g)-modules M satisfying 

(2.3.2) M = M s , 

(2.3.3) dimM 5 < 00 for any f G *)*, 

(2.3.4) for any £ G t)* there exist only finitely many \x G £ + Q + such that ^ 0. 
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It is an abelian subcategory of M. a d m (g). 

For M G Ob(O), or more generally for an fy-module M satisfying (|2.3.2|) and ( |2.3.3|) , 
we define its character as the formal infinite sum 

ch(M) = ^(dimM 5 )e € . 

For a U (g)-module M, the dual space Homc(M, C) is endowed with a [/(g)-module struc- 
ture by 

{xm*,m) = (m*,a(x)m) form* G Homc(M, C), m G M, x G g, 
where a : g — > g is the anti-automorphism of the Lie algebra g given by 

a(h) = h for h G f), a(ej) = /j, a(/i) = for i G J. 

If M G Ob(O), then 

M* := 0(M 5 )* C Hom c (M,C) 

is a £/(g)-submodule of Homc(M, C) belonging to Ob(O). Indeed we have 

(Af*) € = (M e )* . 

Moreover, it defines a contravariant exact functor (•)* : O — ► O such that (•)** is naturally 
isomorphic to the identity functor on O. In particular, we have 

(2.3.5) Hom (M, N) ~ Hom e (A^*, M*) for M, N G Ob(O). 
We also note 

(2.3.6) ch(M*) = ch(M) for any M G Ob(O). 

An element m of a U (g)-module M is called a highest weight vector with weight A if 
m G M\ and e^m = for any i G /. AC/ (g)-module M is called a highest weight module 
with highest weight A if it is generated by a highest weight vector with weight A. Highest 
weight modules belong to the category O. 

For A G f)* define a highest weight module M(A) with highest weight A, called a Verma 
module, by 

M(A) = U( S )/(Y: U( 5 )(h - X(h)) + £ U(g)e t ). 

The element of M(A) corresponding to 1 G U(g) will be denoted by u\. Set M*(A) = 
(M(A))*. There exists a unique (up to a constant multiple) non-zero homomorphism 
M(A) — > M*(A). Its image L(A) is a unique irreducible quotient of M(A) and a unique 
irreducible submodule of M*(A). In particular, we have (L(A))* ~ £(A). 
We have the following lemma (see Lemma 9.6 of Kac ||). 

Lemma 2.3.1 For any M G Ob(O) and fi G (]*, there exists a finite filtration 

= M C Mi C • • • C M r = M 

of M by U (g) -modules M k (k = 0, . . . , r) such that for any k we have either (M k /M k _i)^ = 
or Affc/Mfc-o. ~ L(£) for some ^ G ff. 
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For M G Ob(O) and « G fj* we set 



[M : L(/i)] = M k /M k ^ ~ L(/x)}, 



for a filtration of M as in Lemma 2.3.1 . It does not depend on the choice of a filtration. 
Then we have the equalities 

[M : L(/i)] = [M* : L(/x)] , 
ch(M)= £[M:L(/i)]ch(L(j*)). 

We frequently use the following lemma later. 

Lemma 2.3.2 Lei M G Ob(O) and fietf*. 

(i) dimHom (M(u), M) and dim Hom (M, M*(//)) are /ess £nan or equal to [M : L(/i)]. 

(ii) ^ssnme t/iat i/ f e fj* satisfies [M : £,(£)] 7^ and [M(£) : L(»] 7^ 0, inen 
£ = u. Assume further [M : L(/i)] 7^ 0. Tnen neither Hom s (M(u), M) nor 
Hom e (M, M*(/i)) vanishes. 



Proof, (i) is obvious. Let us prove (ii). Consider the set .4 of submodules i? of M 
satisfying [i? : = 0. There exists the largest element K of A with respect to the 

inclusion relation. Set N = M/K. 

We shall prove N^ +1 = for any 7 G Q + \ {0}. Assume that there exist some 7 G Q + \ {0} 
such that A^ +7 7^ 0. Since N is an object of O, there exists finitely many such 7. Take 
7 G Q + \ {0} such that A r At+7 7^ and N^+s = for any 5 G Q + \ {0}. Then we 
have [N : L(u + 7)] > 0. Let N' be the g-submodule of A" generated by A^ +7 . By 
the maximality of K we have [N' : L(fj)] 7^ 0. Hence, [M(/i + 7) : 7^ by the 

construction of AT'. This contradicts 



[M:L(/i + 7 )] > [AT:L(u + 7 )] > 0. 

Hence N^ +1 = for any ^ E Q + \{0}, which implies 

Hom(M(/i), N*) = {n G A"*; /in = X(h)u for any /i G f)}. 

Since dim A"* > [JV : L(u)] = [M : L(u)] > 0, Hom(M(u), AT*) does not vanish. Hence 
Hom(M(u), M*) which contains Hom(M(u), N*), does not vanish either. By applying 
the same argument to M* we have Hom(M(«),M) 7^ 0. Q.E.D. 



2.4 Enright functor for non-integral weights 



In order to obtain some results on Verma modules (Proposition |2.4.8 ), we construct a 



version of Enright functor with non-integral weights (see Enright ||, Deodhar ||). 
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Since the action of ad(/j) on U (g) is locally nilpotent, the ring U(g) [f^ 1 ] , a localization 
of U(g) by fi, is well-defined. It contains U(g) as a subring. Similarly we can consider a 
£/(g)-bimodule U(g)fi +Z for any scalar a G C. As a left £/(g)-module it is given by 

(2.4.1) U(g)ft +Z = \imU(g)fr n , 

n 

where U(g)f?~ n is a rank one free [/(g)-module generated by the symbol /f~ n and the 
homomorphism f/(g)/f~ n -> ^(fl)^""" 1 is given by /f" n ^ fif^ 71 ' 1 . The left module 
U(g)ft~ n is naturally identified with a submodule of U{g)f° ,+ ' L and we have t/(s)/f +Z = 
Unez U(g)f?~ n . Its right module structure is given by 



CO 



(2.4.2) /f +m P = E ( ° t m ) (ad(/i) fe P)/f +m - fc for any m G Z and any P G C/(g). 

fe=0 V k J 

As a right U (g)-module, we also have 

U(g)f? +Z = \wafr n U(g) = \Jfr n U(g). 

n n 

By ( gXg) we have 

(2.4.3) P/f+ m = EC- 1 )*^"*)/?^*^)^)- 



In particular, we have 

n 

(2.4.4) e ^ = £/r fc er^!) 2 i 



fc=0 



n\ ( a\ ( hi + n — (r 
k)\k)\ k 



The [/(g)-bimodule U(o)f? depends only on a modulo Z. 

Lemma 2.4.1 For a, b G C, f/ie map ^ ® /& = ff <g, ( n e Z) de/ines 

an isomorphism of U(g)-bimodules 

U(g)fr b+Z - U(g)ft +Z ® u(3) U(g)f^ . 

Since the proof is straightforward, we omit it. Hence U(g)fi +Z has a structure 

a.eC/7. 

of a ring containing U(g). 

For any g-module M, U(g)f^ +Z <§W S ) M is isomorphic to the inductive limit 

mJum^m^ ■ ■ ■ 

as a vector space. Hence we obtain the following result. 

Proposition 2.4.2 The functor M — > U(g)fi +Z <8>e/( b ) M zs an exact functor from M(g) 
into itself. 
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Let a be a Lie algebra, and let t be its subalgebra such that a is locally 6-finite 
with respect to the adjoint action. Then for any a-module M, the subspace {m G 
M ; dim U(t)m < 00} is an a-submodule of M. 

In particular, for a g-module M its subspace {m G M ; dimC[ej]m < 00} is a g-submodule 
of M. For a G C, we define a functor 

(2.4.5) Ti{a) : M( ) -> M( ) 

by 

Ti{a){M) = {ue U(g)ft +Z ®u( s ) M ; dimC[e,] M < 00} 

for M G Ob(M(g)). It is obviously a left exact functor. 

For a G C, let M"(g) be the category of locally C[e;]-finite {7($j)-modules M such that 
M has a weight decomposition 

M = M A , 

Aef)* 

the action of f) on M is semisimple, and Ma = unless (hi, A) — a G Z. 

Lemma 2.4.3 For a e C, M e Ob(M?(g)) and u <E M, we have f? +n ® u G T;(a)(M) 
/or n » 0. 

Proof. We may assume that w has weight A such that (hi,X) = a without loss of gener- 
ality. We have e™" M = for some m > 0. We have 



Assume m > n > tuq. Then each term survives only when k < m — n and m — k < mo, 
or equivalently m — mo < k < m — n, and there is no such fc. Hence e™ , (/ l a+ "' <8> w) = for 
m > n > itiq. Q.E.D. 

For a G C, the functor T;(a) sends M?( ) to M^ a (g). 
The morphism of [/(g)-bimodules 

(2.4.6) [/( ) - f/( )/r a+z ®r,o ^( )/r +z (i -> /r a ® /") 

(see Lemma |2.4.1| ) induces a morphism of functors 

(2.4.7) id M?G0 -> Ti(-a) o Ti(a). 
Indeed, for M G Ob(M"(g)), fl2.4.6|) gives a morphism 

M -> U( Q )fr +Z ®u( B ) U(g)ft +Z ®u( s ) M. 

For any u G M, the image of u by the above homomorphism is equal to fj~ a ~ n <8> /f +n <8> w, 
and Lemma |2.4.3| implies that fi +n ®u belongs to Ti(a)(M) for n » 0. Hence the image of 
the above homomorphism is contained in Tj(— a) oTj(a)(M) C U(g)f^ a+1, ®uu) Ti(a)(M). 
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Define the ideal n (z) of n by 
(2.4.8) n-(z) =n(A"\ {-«<}). 

By the PBW theorem, we have U(n~) = U(ti~(i)) ® C[/j], which implies 

c/(n-(i)) ® c[/i, /rVf ® f/( )/r +z . 

The following lemma follows immediately from this isomorphism. 
Lemma 2.4.4 For any A G f)*, we nave an isomorphism 

U(n-(t)) ® CI/*, /r X ]/f ® Cn A f/( )/f +z ® U(B) M(A). 

Lemma 2.4.5 For any A G f)* ; iae element # i,A>+1 ®w A o/ ?7( )/f I,A)+Z M(A) 
a highest weight vector with weight Sj o A. i/ere o zs tae shifted action defined in (|2.1.19| ). 

Proof. Set Aj = (hi,X). We have for j 7^ i 

ej(ft +1 ® «a) = /^ +1 ej ® m a = ® e,n A = 0. 

If j = i, then 

e,(/^ +1 (g) u x ) = Ut +l z* + (A, + l)f % Xi (hi ~ Aj)) <g> n A = 0. 

Q.E.D. 

Proposition 2.4.6 Assume that A G f)* satisfies a = (hi, A + p) G' Z >0 . Then we have 
T<(a)(M(A)) = t/( )(/f ' A+P> ® n A ) S M( Sj o A). 

Proof. We have 

Tj(a)(M(A)) = {mG U(g)f^ +Z ®c/( s ) M ; e™n = for a sufficiently large m}. 

By the preceding lemma, /" ® u A is a highest weight vector of Tj(a)(M(A)) . It is enough 
to show that T i (a)(M(X)) is generated by this vector. 

By Lemma [2.4.4| , any v G Tj(a)(M(A)) can be written in a unique way 

for P n G U(n~(i)). Here P n vanishes except for finitely many n. 
Take a positive integer m such that e™v = 0. Then we have 



= eTv 



E E ( ^ J (ad(e,) m - fc P n )e- ® «a 



n fc=0 



EE (T Me,r- fc p„) e /r +n ~^ 

n fc=0 W u=0 

(,!) 2 Q ( a + ") ^ + ^ a -")®n A 
E E (7) (ad(e,)- fe P n )/r"- fe (* " \~ "j (A;!) 2 (° + n ) ® n A . 



it 

o+n— v „h— v 
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Rewriting this equality, we have 

- £ I (I) (ad( ej )-p„ +t) /» ") («)> f + + *) . 

The vanishing of the coefficient of /" implies 

(2-4.9) g (I) ") W (° + : + *) HM^^) = 

for any n. 

Now we shall prove that P„ = for n < 0. Assuming the contrary we take the largest 
c > such that P_ c ^ 0. By taking n = -c - m in ( |2.4.9| ), only k = m survives, and we 
obtain 

f-l—n\, ,, 2 /a + n + m\ 

m! 2 )P-c = 0. 

Hence we obtain 




Since — 1 — c — m < 0, ( c 111 ) does not vanish, and \ a ) must vanish. This means that 
a — c is an integer and satisfies < a — c < m. This leads to the contradiction a > c > 0. 
Hence we have P n =0 for n < 0, and we conclude v G U{xc)ff (g) U\ — [/(n _ )(/f <8> Wa)- 

Q.E.D. 

Proposition |2.4.6| implies the following proposition. 

Proposition 2.4.7 Assume a = (hi,X) ^ modZ. T/ien the morphism (|2.4.7|) induces 
an isomorphism 

M(A)^r j (-o)or i (o)(M(A)). 

Now we are ready to prove the following proposition used later. 

Proposition 2.4.8 Assume that X, \x e f)* satisfy (hi, A) ^ Z. T/ien we /iave 

Hom(M(si o /i), M(si o A)) ~ Hom(M(/i), M(A)). 

Proof. If A — /i is not in the root lattice Q, then the both sides vanish. If A — \i G Q, then 
(hi, n) = (hi,X) modZ. Hence the assertion follows from the preceding proposition. 

Q.E.D. 
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2.5 Embeddings of Verma modules 

We shall use the following result of Kac-Kazhdan. 

Theorem 2.5.1 (||10||) Let X, p G Fj*. Then the following three conditions are equivalent. 

(i) The irreducible highest weight module L(p) with highest weight p appears as a sub- 

quotient of M(A). 

(ii) There exist a sequence of positive roots {f3 k } l k=l , a sequence of positive integers 
{nk} l k= i and a sequence of weights {X k } l k=0 such that A = A, A; = p and X k = 
X k -i - n k p k , 2(p k , A fc _i + p) = n k (p k , fa) for k = 1, . . . , I. 

(iii) There exists a non-zero homomorphism M(/i) — > M(X). 

Note that any non-zero homomorphism from a Verma module to another Verma module 
must be a monomorphism. The implication (ii)=^(iii) is not explicitly stated in Kac- 
Kazhdan |fL0| . But it easily follows from Lemma 3.3 (b) in Kac-Kazhdan |T(J and (i)-v^(ii). 
We use also the following result in Kashiwara 



Proposition 2.5.2 For X, p G {)* and i G I , we assume (hi, p + p) G Z>o (which implies 
M(si o p) c M(p)) and (hi, X + p) G" Z <0 . Then we have 

Ext 1 (M(p)/M( Si o p), M(A)) = 0. 



Let JC denote the set of A G f)* satisfying the following two conditions. 

(2.5.1) 2(/5, A + p) 7^ (P, (3) for any positive imaginary root j3, 

(2.5.2) {(3 G A+; ((3 V , X + p) G Z <0 } is a finite set. 

The condition (|2.5.2| ) implies that there exists w G W^(A) such that woX+p is integrally 
dominant (i.e. (/5 V , w o A + p) ^ Z <0 for any /3 G A+). 

If A in Theorem [2.5. 1| satisfies the condition ( |2.5.1| ), then f3 k in (ii) must be a real 
positive root. This easily follows from the fact that n/3 is an imaginary root for any 
positive integer n and any imaginary root (3. 

Note that K, is invariant by the shifted action of W . 

Theorem 2.5.3 For X G K, we have 

dimHom g (M(/i),M(A)) < 1 

for any p G f)*. 

Proof. There exists an embedding M(A) ^ M(X') for some A' G W(X) o A such that 
A' + p is integrally dominant. Hence we may assume that A + p is integrally dominant 
from the beginning. 

We assume that Hom(M(/i), M(X)) is not zero. Then by Theorem |2.5.1| , there exists 
w G W(X) such that p = w o A. 
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We shall argue by the induction on the lenght of w. 

If it? = 1, then it is evident. Assuming w ^ 1, let us take a G 11(A) such that 
l\(s a w) < l\(w), which is equivalent to w~ l a G A~(A). Since A + p is integrally dominant, 
{w~ 1 a J , A + p) < 0. Since we may assume s a o p ^ p, we have 

(2.5.3) (a v , p + p) = (uTV, A + p) G Z <0 . 
Now we shall argue by the induction on lit (a). 

(1) Case ht(a) = 1. In this case, a = di for some i G /. Then we have M(sjop) 3 M(p). 
Since (hi, A + p) G Z> , Proposition [2.5.2| implies 

Ext 1 (M fa o p)/M(p), M(A)) = 0. 

Therefore the following sequence is exact. 

Hom(M( Si o p), M(A)) -»■ Hom(M(/i), M(A)) -> 0. 

Since dimHom(M(sj o p), M(A)) < 1 by the induction hypothesis on the length of w, we 
obtain dim Hom(M(/i), M(A)) < 1. 

(2) Case ht(a) > 1. Take i such that (hi, a) > 0. Then aij G" A(A) by Lemma 2.2.3 . 
Hence we have 

(2.5.4) (hi,\)#Z. 

Set X' = Si o A. Then SjA(A) = A(A'), and s^n(A) = n(A') by Lemma Moreover 
A' + p is also integrally dominant. Then it?' = SiWSi G W(A') and l\>(w') = l\(w). Set 
a' = SjO;. Then a' G II(A'), ht(a') < ht(a) and /A'( s a ,,u;/ ) < We have also 

p' = Si o p = w' o A'. Hence the induction hypothesis on ht(a) implies 

dimHom(M(p'),M(A')) < 1. 

By (|2.5.4|) we can apply Proposition |2.4.8| to deduce 

Hom(M(p'),M(A')) ^ Hom(M(p), M(A)). 

Thus we obtain the desired result dimHom(M(p), M(A)) < 1. Q.E.D. 

We denote by /C reg the set of A G K, subject to the following condition: 

(2.5.5) If w G W satisfies w o X = X, then w — 1. 
In particular, this condition implies 

(A + p, a y ) 7^ for any a G A rc . 
Define a subset /C+ g of /C reg by 

(2.5.6) /C r + = {A G /C rcg ; (X + p, a v ) > for any a G A+(A)}. 
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Lemma 2.5.4 We have W o /C reg = /C reg and /C reg = U W(X) o X. 
The proof is standard by using the results in §2.2| and omitted. 



By Theorem 2.5.1 and Theorem 2.5.3 we have the following proposition 



Proposition 2.5.5 Let A G K 



reg- 



(i) For x G W(X) and fj, G i)* we have [M(x o A) : L{p)] ^ if and only if \i = y o A /or 
some ?/ G W(X) satisfying y >\x. 

(ii) Forx,y£ W(X) we have dimHom(M(yoA), M(xoX)) = 1 orO according to whether 
y >a x or not. 

Corollary 2.5.6 Let X G £+ g , i 6 W and G fj*. T/ien [M(x o A) : L(/x)] 7^ implies 
H — y o A /or some y G a;W(A) satisfying y > x. 

Proof Assume [M(xoA) : L(/i)] 7^ 0. Take Zi G ly(xoA) such that A' = z^xoX G /C 



reg- 

Then we have z\ G W(X') and a; o A = z\ o A'. By Proposition |2.5.5| there exists some 
Z2 G W(X') such that fi = z 2 o X' and >A' Zi- Setting w = z{ x x, y = z 2 w we have 
x = z\w and [i — yoX. Since y = z 2 z{ 1 x G ^(A')^ = xW(X), the assertion follows from 
the following lemma. 

Lemma 2.5.7 Assume that A, A' G /C+ g and w & W satisfy X' = w o X. Then for 
zi,z 2 G W(X') such that z 2 >\* Z\ we have z 2 w > Z\W. 

Proof. For A G /C+ g , we have A + (A) = {a G A rc ;(a: v ,A + p) G Z >0 }. This implies 
w _1 A + (A') = A+(A) C A+. Then it is enough to apply Lemma |2.2.11| . Q.E.D. 



For a subset Q of /C rog we denote by 0{fi} the full subcategory of O consisting of 
M G Ob(O) such that any irreducible subquotient of M is isomorphic to L(X) for some 
A G Q. For A G /C reg we set 

(2.5.7) 0[A] = 0{W(X)oX}, 0(X)=0{WoX}. 
By the definition, for any A G /C reg , we have 

(2.5.8) 0[A] = Q[w o A] for any w G W{X), 

(2.5.9) O(A) = 0(w o A) for any w G W. 



By Proposition 2.5.5 we have 



(2.5.10) M(A) G 0b(O[A]) for any A G /C 



reg- 



By Lemma 2.3.2 and Corollary 2.5.6 we have the following lemma 



18 



Lemma 2.5.8 Let A G /C+ g and w G W . Assume that M G 0b(O) satisfies the condi- 
tions 

[M : L(w o A)] ^ 0, 

[M : L(y o A)] = for any y G wW(X) such that y < w. 
Then neither Hom (M(u; o A), M) nor Hom (M, M*(w o A)) vanishes. 

We shall use later the following result of S. Kumar |2D| (a generalization of a result in 
Deodhar-Gabber-Kac 0). 

Theorem 2.5.9 Any object M o/0{/C reg } decomposes uniquely into 

M = M A (M A G Ob(0[A])). 

A£/C rC g 

In pCfl , the theorem is proved for M with a semisimple action of f). However the same 
arguments can be applied in our situation. 
For A G /C reg we denote by 

(2.5.11) P x : 0{/C reg } -»• 0[A] 

the projection functor. 

We define a new abelian category O by 

(2.5.12) 6= JJ 0[A]. 

We denote by the same symbol P\ the projection functor P\ : O ^ 0[A]. It is an exact 
functor. By the definition we have 

Honi:. (M. .V) JJ Hom (P A (M),P A (A^)) for M, JV G O. 
Ae/c 

The category 0{K, reg } can be regarded as a full subcategory of O. For M G O and 
A G /C reg we set 

[M :L(\)] = [P X (M):L(X)]. 

For a subset fl of /C reg , we set 

(2.5.13) 0{fi}= [] 0{fi n (W(A) o A)} , 

A(z/C rcg 

and for A G /C reg , 

(2.5.14) O(A) = 5{H/ o A} . 
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3 Twisted D-modules 



We shall give a generalization of the theory of D-modules on infinite-dimensional schemes 



developed in [H] and [16] to that of twisted left .D-modules (modules over a TDO-ring). 
Since the arguments are analogous to the original non-twisted case, we only state the 
results and omit proofs. 

3.1 Finite-dimensional case 

For a scheme X we denote by Ox the structure sheaf. For a scheme X smooth (in 
particular quasi-compact and separated) over C, we denote by Qx, ©x and D x the 
canonical sheaf, the sheaf of vector fields, and the sheaf of rings of differential operators 
on X, respectively. 

Let X be a scheme smooth over C. A TDO-ring on X is by definition a sheaf A 
of rings on X containing Ox as a subring such that there exists an increasing filtration 
F = {F n A} n£ z of the abelian sheaf A satisfying the following conditions. 

(3.1.1) F n A = forn<0. 

(3.1.2) F n A ■ F m A c F n+m A. 

(3.1.3) [F n A, F m A] C F n+m ^A. 
(3.1A)F A = O x . 

(3.1.5) The homomorphism gr x A — > Q x (P mod F A i— > (Ox ^ a i— > [P, a] G Ox)) of 
Ox-modules induced by (3.1.3), ( |3.1.4[ ) is an isomorphism. 



(3.1.6) The homomorphism So x {g^ 1 A) —>■ giA of commutative Ox-algebras is an 
isomorphism. 

Here we set gr n A = F n Aj 'F n _iA, grA = n gr n A, and So x (g^iA) denotes the symmetric 
algebra of the locally free (9x- m odule gr 1 A. The filtration F is uniquely determined by 
the above conditions, and it is called the order filtration. A TDO-ring is quasi- coherent 
over Ox with respect to its left and right Cx-module structures. 

Let A be a TDO-ring on a scheme X smooth over C. For a coherent (left) A-module 
Ai we can define its characteristic variety Ch(M) as a subvariety of the cotangent bun- 
dle T*X as in the case A = Dx- A coherent A-module M. is called holonomic if 
dim Ch(A^) < dimX. We denote by M/ l (A) the category of holonomic A-modules, and by 
D h h (A) the derived category consisting of bounded complexes of quasi-coherent A-modules 
with holonomic cohomologies. Set 

= ftf- 1 ® 0x A op ® 0x fix, 

where A op denotes the opposite ring of A. Then A* is also a TDO -ring. We define the 
duality functor 

D : D b h {A) - D b h (A-*)°» 

by 

T>M = RHom A (M,A) ® 0x fi| _1 [dimA:]. 
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Let / : X — > F be a morphism of smooth schemes over C, and let A be a TDO-ring 
on Y. Set 

A x .y = o x ® f -i OY r'A, a y ^ x = r l A® r , OY r'n®- 1 ® f -i OY n x . 

Define the subring ft A of £ndf-i A (A X ->Y) by 

(3.1.7) f*A = \jF n (f*A), 

neN 

(3.1.8) F n (ftA) = for n < 0, 

(3.1.9) F n (/«A) = {Pe Snd f -i A (A x ^ Y ) ; [P, Ox] C Fn-i(/ tt A)} for n > 0. 

Then /M is a TDO-ring on X. Moreover, Ax~*y has a structure of an (f^A, f~ 1 A)- 
bimodule, and A Y ^x has a structure of an (/ _1 A, /M)-bimodule. We have 

(3.1.10) ft(A^) = (/M)-» 
for any TDO-ring A. We define functors 

(3.1.11) O/' : D b h (A) - £>*(/» A), 

(3.1.12) / : Z^(/«A) - £>>(A), / : D b h (ftA) - 
by 

D/'(M) = A^®^/- 1 M, JfM= Rf*(A Y <-x ®^i A M), 
f fl = T>of f oD. 

We shall also use their variants 

(3.1.14) ©r, D/ ! : D b h (A) -> £>£(/"U), D/„ D/, : £J*(/"U) - 
given by 

Df = Do D/« o D, D/ ! = ©/• [2(dimX - dimF)], 

O/* = J) [dim F - dim X] , ©/, = / /l [dim F - dim X] . 

3.2 Infinite-dimensional case 

Now we shall study TDO-rings on infinite-dimensional varieties. We say that a scheme 
X over C satisfies the property (S) if X ~ limS^ for some projective system {S^jneN 

n 

satisfying the following conditions. 

(3.2.1) The scheme S n is smooth (in particular quasi-compact and separated) 
over C for any n. 

(3.2.2) The morphism p nm : S m — > S n is afline and smooth for any m > n. 
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We call such {S^jneN a smooth projective system for X. For example, the infinite- 
dimensional affine space 

A°° = limA n = SpecCfx;; % G N] 

n 

satisfies the property (S). 

Let S denote the category whose objects are smooth C-schemes and whose morphisms 
are affine and smooth morphisms. Then the pro-object ''lim"S' n in S depends only on 

n 

X and does not depend on the choice of a smooth projective system {iS'nJneN ((H)- This 
follows from the fact 

Hom(X, S) = limHom(5' n , 5*) 

n 

for any scheme S. 

A C-scheme X is called pro-smooth if it is covered by open subsets satisfying (S). 

Let / : X — > Y be a morphism of C-schemes such that X is pro-smooth and Y is 
smooth over C, and let A be a TDO-ring on Y. Set Ax^y = Ox <8>/-io y /~ X A and define 
the subring ft A of £nd f -i A {A x ^ Y ) by (gT ^ -( gTp . Then A x ^y is an 
bimodule. For an A-module Ai we define the /"A-module /*.M by 

(3.2.3) f'M = Ax^y ® f -i A r l M. 

For a pro-smooth scheme X, a TDO-ring on X is by definition a sheaf A of rings on X 
containing Ox as a subring satisfying the following condition. 

(3.2.4) For any x G X, there exist a morphism / : U — > K from an open neighborhood 
[/ of x to a smooth C-scheme Y and a TDO-rine; Bon7 such that A|t/ = f*B. 

By the definition, a TDO-ring A on a pro-smooth scheme X is locally of the form A = f*B 
where B is a TDO-ring on a smooth C-scheme. We can patch together f^B~^ and obtain 
a TDO-ring on X. 

For an invertible C?x- m odule £ on a pro-smooth scheme X, we have a TDO-ring 
D x (£) given as follows. 

(3.2.5) D*(£) = \jF n D x {£) c £nd c £. 

n 

(3.2.6) F n D x {£) = for n < 0. 

(3.2.7) F n D x (£) = {P G £nd c £ ; [P, a] G F n ^D x (£) for any a G C x } for n > 0. 

We set P> x = D x (O x ). Then we have ~ £ ® 0x D x ®o x ■ More generally, 

for an invertible C?x- m odule £ and a scalar a G C we can define a TDO-ring Dx{£ a ) = 
£ a ®o x D X ®o x £®~ a by the following patching procedure although £ a does not necessarily 
exist. A section of Dx{£ a ) is locally of the form s a ®P®s~ a , where s is a nowhere vanishing 
section of £ and P is a section of D x , and we have s" ® Pi ® sj" a = s 2 <8> P2 <E> s 2 a if and 
only if Pi = (s 2 /si) a P 2 (s 2 /si) _a as sections of D x . 
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Let A be a TDO-ring on a pro-smooth scheme X. We call a (left) A-module M. 
admissible if it satisfies the following conditions. 

(3.2.8) M. is quasi-coherent over Ox- 

(3.2.9) For any affine open subset U of X and any s G F(U ; M), there exists a finitely 
generated C-subalgebra B of T(U; Ox) such that Ps = for any P 6 r([/ ; A) 
satisfying P(-B) = 0. 

We denote the category of admissible A-modules by M. adm (A). We call an admissible 
A-module M. holonomic if it satisfies the following condition. 

(3.2.10) For any xGl there exist a morphism / : U — > Y, a TDO-ring 5 on Y 
as in (3.2.4) and a holonomic 5-module .M' such that A4\u — f*M!- 

We denote the category of holonomic A-modules by M.h(A). 

Let A be a TDO-ring on a C-scheme X satisfying the property (S). Then we can take 
a smooth projective system {.SnjneN for X and TDO-rings A n on S n such that 

(3.2.11) pl m A n = A m for any m > n, v l n K = A, 

where p n : X — > S n is the projection. We call {(S n , A»)}nez a smooth projective system 
for (X, A). Since p nm is smooth, the functor p* m : M^(A n ) — ► M/ l (^4 m ) is exact, and we 
have the equivalence of categories 

M h (A) = \imM h (A n ). 

n 

Let X be a pro-smooth C-scheme and A a TDO-ring on X. Let D(M a ^ m (A)) be the de- 
rived category of M adm (A). Let us denote by D b h (A) the full subcategory of D b (M adm (A)) 
consisting of bounded complexes whose cohomology groups are holonomic. 

If X satisfies (S) and {(S n , A n )} n( zz is a smooth projective system for (X, A), then we 
have an equivalence of categories: 

D b h (A) = \im D b h (A n ). 

n 

The duality functors D : D b h (A n ) — > D b h {A~^)° v induce the duality functor 

(3.2.12) D : D b h (A) -> D b {A^) op . 

For a morphism / : X — > Y of pro-smooth C-schemes and a TDO-ring A on Y, we 
define a TDO-rine; /iU on X by the same formulas (|3.1.7| )- (|3.1.9| ). The functor 



(3.2.13) Bf : D b h (A) ^ D b h (fA) 



is defined by the same formula as in ( 3.1 .13|) . It is well-defined as seen in the following. 



The question being local, we may assume that X and Y satisfy (S). Then we can take a 
smooth projective system {X n } for X and a smooth projective system {(Y n , A0} nG z f° r 
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(Y, A). Let pxn '■ X — »■ X n and py n '■ Y — ► Y n be the projections. We may assume further 
that there exists {/„} : {X n } -> {Y n } such that / = lim/ n . For M E Ob(D b h (A)) there 

n 

exist some n and Af n G Ob(D^(A n )) such that = p Yn M. n . Then we have 

Bf'M=p- Xn Bf'M n . 

Let / : X — > K be a morphism of pro-smooth schemes. We assume that / is of finite 
presentation type. Let A be a TDO-ring on K. We define a functor 

(3.2.14) / : D b h (fA) ^ D b h (A) 

Jf 



by the same formula as in ( |3.1.13| ). We can see that it is well-defined as follows. The 



question being local on Y, we can take a smooth projective system {X n } for X, a smooth 
projective system {(Y n , A n )} ne z for (Y, A), and {/„} : {X n } — > {Y n } such that / = Hm/ n 

n 

and the following diagram is Cartesian for any n (0). 

Y — i V 



X Y . 

Let pxn : X -> X„ and p y „ : K -> K n be the projections. Let Af G Ob(-D£(/IU)). There 
exists some n and A4 n E Ob(-D^(/^A n )) such that Af = p'x n M. n - Then we have 



/ M=p'yJ M r 

Jf Jfn 



Under the same assumption, we define the relative dimension df by dimX — dim y - 

We shall also use the following functors for a morphism / : X — > Y of schemes 
satisfying (S): 

(3.2.15) 0/*, D/ ! : D b h (A) -> D» h (f*A), f , D/# , D/j : £>*(/U) - 
defined by 

D/ ! = Bf[2d f ], Df = DoD/*oD, 

/„= D °/ / oD - °f>=I;- d ^ »/.=/ f! M/]- 

Note that D/* and D/* are defined for any morphism / of schemes satisfying (S), while 
other functors in (|3.2.14|) , ( 3.2.15|) are defined only when / is of finite presentation type. 



For a morphism / : X — > K of pro-smooth schemes, a TDO-ring A on 7, and k E Z 
we can define functors 

(3.2.16) H k Bf* : M ft (A) -> M h (/ fl A) 

by patching together the locally defined object H k {Bf*M) for M E Ob(M h (A)). Simi- 
larly, for a morphism / : X — > K of pro-smooth schemes which is of finite presentation 
type, a TDO-ring A on Y, and fceZwe can define functors 

(3.2.17) , ff*B/, : M h (pA) - M fc (A). 
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3.3 Equivariant D-modules 

Let G be an affine group scheme over C. We assume that Og(G) is generated by countably 
many generators as a C- algebra. Then G ~ lim G n for a projective systems of affine 

raeN 

algebraic group over C, and hence G satisfies the condition (S). Let g be the Lie algebra 
of G. Then g is the projective limit of the Lie algebras g n of G n . 
Let X be a pro-smooth C-scheme with an action of G. 
Then we have the diagram 

(3.3.1) G x G x X -Ea->G x X ^— X . 

Here [i x '■ G x X — > X is the action morphism, pr x : G x X — > X the second projection, 
and 

i(x) = (l,x), 
Pi(.9i,Sb,x) = (9i,92x), 
P2(gi,92,x) = (gig 2 ,x), 

A G-equivariant TDO-ring A on X is a TDO-ring endowed with an isomorphism of TDO- 
rings 

a : n x A pr x A 



with the cocycle condition (see ]T2|, §4.6]), i.e. the commutativity of the following diagram. 



p\n x A — ► p\wx A 

(3 - 3 ' 2) V p«Q . , ^ l ? 

Then the G-equivariance structure induces a ring homomorphism 

U(g)^F(X;A). 

A G-equivariant module M over a G-equivariant TDO-ring A on X is an A-module 
endowed with an isomorphism of pr^A-modules 

fi' x M pi x M 



with a similar cocycle condition (see [12 , §4.7] and (|3.3.5|) below). 



We can generalize the notion of equivariance to that of twisted equivariance. Assume 
for the sake of simplicity that G is a finite-dimensional affine algebraic group with Lie 
algebra g. Let : G x G — > G (i = 1, 2) be the first and the second projection and 
[lq '■ G x G — > G the multiplication morphism. Let %g '■ pt — > G be the identity. 
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Let A 6 g* be a G-invariant vector. Let T(A) be the free Oc-module generated by the 
symbol e A . We define its .D^-module structure by 

R A e x = \(A)e x for any A e q, 

where Ra is the left invariant vector field on G corresponding to A. Then we have a 
canonical isomorphism of -D^-modules 



$r(A)sc, 

m A : fi' G T(X) ^ qlT(X) ® q'T(X) 



(3.3.3) 

sending e A to 1 and e A (g) e A , respectively. A twisted G-equivariant A-module .M with 
twist A is an A-module with an isomorphism of pr^A-modules 

(3.3.4) p : n' x M g'T(A) <g> pr^TW, 

with the cocycle condition. Here q : G x X — > G is the first projection. The cocycle 
condition means the commutativity of the following diagram of rjj A-modules onGxGxl. 



(3.3.5) 



pl{q'T{X)®w' X M) 

P 

II 

plu'xM 

pJ(g*T(A) ®pr^.M) 
r'T(A) (gip^.M 



g' 2 (r'T (A) ® r'T (A)) ® r*A^ 



r*T (A) <g> r'T (A) <g> r*.A/f 



r^T (A) <g> pl(q'T (A) g> pr^.M) . 



Here qu '■ G x G x X — > G x G is the (l,2)-th projection, and r« is the z-th projection 
from G x G x X. 

Let if) : G — > C x be a character, and let 8if> € g* be its differential. Then e A+<5 ^ <-> ipe x 
gives a canonical isomorphism 

T(A + <fy>) = T(A) 

compatible with the multiplicative structure ( |3.3.3|) . Hence the twisted equivariance with 
twist A is equivalent to that with twist A + Sif>. 



4 D-modules on the flag manifold 
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4.1 Flag manifolds 

We recall basic properties of the flag manifold for the Kac-Moody Lie algebra q (Kashi- 



wara 



H) 



Fix a Z-lattice P of f)* satisfying 

(4.1.1) at G P, (P, hi) C Z for any % G J. 
We define affine group schemes as follows: 

(4.1.2) H = SpecC[P], 

(4.1.3) iV ± = limexp(n ± /n^ : ), 

k 

(4.1.4) B = (the semi-direct product of H and 

(4.1.5) B~ = (the semi-direct product of H and N~ 



see Q2.3.1p for the definition of )• Here, for a finite-dimensional nilpotent Lie algebra a 



we denote the corresponding unipotent algebraic group by exp(o). Then N ± is an affine 
scheme isomorphic to Spec(S'(n T )). 

For a subset 6 of A 1 * 1 such that (6 + 9) n A C 6, we denote by N(Q) the subgroup 
exp(n(6)) of N ± . 

In Kashiwara ||13||, a separated scheme G is constructed with a free right action of 



B~ and a free left action of B. The flag manifold X is defined as the quotient scheme 
X = G/B~. The flag manifold is a separated scheme. For w G W, U w = wBB~ / B~ 
is an open subset of X. A locally closed subscheme X w = BwB~ / B~ of X is called a 
Schubert cell. 

Proposition 4.1.1 (i) X = \J weW U w = U we w X w- 

(ii) For any w G W , we have X w = \J y>w X y and X w C U w C \J x <w X x . 

(iii) We have an isomorphism 

N(wA + n A") x N(wA + n A + ) U w ((x, y) ^ xywB~) 

of schemes. Moreover, the subscheme {1} x N(wA + n A + ) is isomorphic to X w by 
this isomorphism. 

In particular, U w and X w are isomorphic to 

A e = SpecC[a; fc ; < k < £] 

for some £ G Z> U {oo}, and the codimension of X w in X is the length £(w) of w G VT. 
Hence X is pro-smooth. 

We call a subset $ of H 7 admissible if 

w £ &,y < w y G $. 

For an admissible subset $ of W we define an open subset X$ of X by X$ = LW$ A^. 
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For a finite admissible subset X$ is a quasi-compact scheme with the condition 
(S). Indeed for k » 0, the subgroup exp(n^) = limexp(n^/n / + ) acts freely on X$ and 

l>k 

{X$/ exp(n^)}fc is a smooth projective system for X$ (see |TB|). Note that, since X$ is 



separated over C, X<$,/ exp(n^T) is separated for k » by the following lemma. 

Lemma 4.1.2 Let {X n } ng ^ be a projective system of quasi- compact and quasi-separated 
schemes. Assume that the morphism X n+1 — > X n is an affine morphism for any n. Let 
Xoo be its projective limit. If X^ is separated, then X n is separated for n » 0. 

Proof. Let f nm : X m —>■ X n be the canonical projection (0 < n < m < oo). Since X 
is quasi-compact, X is covered by finitely many affine open subsets U® (j = 1, . . . , N). 
Then the inclusion If- — > X is of finite presentation. Set = fon(Uj) (0 < n < oo). 
Since Xoo is separated, U°° — > X^ is an affine morphism. Hence |7|, Theorem (8.10.5)] 
implies that [/" — > X n is an affine morphism for n » 0. Hence we may assume from the 
beginning that U® D U® is affine for any j, k — 1, . . . , N. 

The ring homomorphism O x {U°°) ® O x (Uj^) — > O x {U°° fl U™) is surjective by the 
assumption that X^ is separated, Since Ox(U® fl U®) is a finitely generated algebra 
over O x {U?), the image of O x (Uf H -> Cx(^ n n E/£) is contained in the image of 
OxiUJ) ® G X (U%) O x (U? n U%) for n » 0. On the other hand, we have 

O x {Uf n = 0*(E?) ® 0jt(D?) x (E/J n u° k ). 

Hence O x (Uj) ® O x {U%) -> Cx(^ n n t/ fc n ) is surjective for n » 0. This shows that X n 
is separated for n » 0. Q.E.D. 

Set X = G/N~. We denote by £ : X — > X the canonical projection. It is an H- 
principal bundle. For w G W we set X w = £~ l X w = BwN~ /N~~ , and for an admissible 
subset $ of W we set X$ = £ _1 X<j, = LLe$^u>- The scheme X is also pro-smooth. 

4.2 Twisted D-modules on the flag manifold 

Let p : G — > X be the projection. For /iGPwe define the invertible Ox-module C?x(/-0 
as follows: 

r(f/;0xGu)) = { V9 Gr(p- 1 f/;0 G );^(^)=^(x)for (^) G p^f/ x r} 

= {y? e r^ 1 ^; 0*) ; <p(xh) = br^x) for (x, h) e x H} 

for any open subset U of X. Here x i— > is the character of _B~ corresponding to the 
weight — /i. Twisting L>x by Ox(fi) we obtain a TDO-ring 

Dfj. = Ox(fj) ®o x D x ®o x O x {-n). 

This definition can be generalized to any fi 6 t)* and we can define an X + -equivariant 
TDO-ring on X (see Kashiwara ]12| and Kashiwara-Tanisaki [18]). Note that the pull- 



back of the TDO-ring under £ : X — > X is canonically isomorphic to D x . Hence 
the pull-back £*.M of an admissible -D M -module .M is naturally regarded as a D^-module. 
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Moreover, by the functor £*, the category of admissible D^- modules is equivalent to the 
category of admissible twisted if-equivariant D^-modules with twist /i. 

The infinitesimal action of q on X lifts to an algebra homomorphism 

tf(g)->r(X;ig. 

In particular, H n (U;M) has a g-module structure for any open subset U of X, any 
| [/-module M. and n G Z. 

For iu G W, let ^ : X w ^ I be the inclusion. Then for any ji G f)*, the iV + - 
equivariant TDO-ring z^-D^ is canonically isomorphic to the iV + -equivariant TDO-ring 
D Xw . We define the iV + -equivariant holonomic -D M -modules B w (fj), M. w {n) by 

(4.2.1) BM = H° [ Xw , MM = H° [ Xw . 

Note that H k j iw Xw = H k J iwl Xw = for any k ^ because i w is an afline embedding. 
By the definition we have 

(4.2.2) Rom D ^MM,M) Rom Dfilu (MM\u, M\ v ), 

(4.2.3) Hom D)i (M,S m (/i)) ^ Hom D ^ u (M\u, B w (ii)\u) 

for any open subset U of X containing X w and any holonomic -D M -module M.. The isomor- 
phism M. w (fj)\u — B w (/i)\u extends to a canonical non-zero homomorphism A4 w (fi) — > 
B w (fj). We denote its image by C w (fi). It is a unique irreducible quotient of Ai w (fi) and 
a unique irreducible submodule of B w (fi). Note that Homo {-M. w (fi), B w (fi)) = 1. 

For /x G f)* and a finite admissible subset $ of W, we denote by H$(/i) the category of 
iV + -equivariant holonomic -modules. For /i G f)* we denote by H(/x) the category 

of iV + -equivariant holonomic -D M -modules. Then we have obviously 

M.(fi) = hmH$(/j), 

where $ ranges over the set of finite admissible subset of W. 

For any w G W and /J G f)* the .D^-modules B w (/i), M. w (/i) and C w (fx) are objects of 
H(/i). Note that C w (/j,) is a simple object of M(/x). 

For any iV + -equivariant admissible _D M -module .M, we denote the support of M. by 
Supp(A^). It is an iV + -stable closed subset of X, and hence it is also instable. 

Lemma 4.2.1 For w G W , let U be an open subset of X which contains X w as a closed 
subset. For any N + -equivariant admissible D '^-module M. such that Supp(A^) C\U C X w , 
there exist some index set J and isomorphisms 

MM eJ \u ^M\u^ BM eJ \u- 

Furthermore if M. is holonomic, then J is a finite set and the above isomorphisms can be 
extended to morphisms in H(/x) 

MM® J ^ M -> BM® J - 
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Proof. Let i : X w — > [/ be the closed embedding. By the condition on .M there exists 
an A r+ -equivariant holonomic D Xw -™.odu\e M such that Ai\u — J^JV. Since X w is a ho- 
mogeneous space of N + with a connected isotropy subgroup, we see that TV is isomorphic 
to 0% J for some J. If Ai is holonomic then J\f is holonomic, and hence J is a finite set. 
Thus we have 

3J 



M\ v ~ Jf Of; ~ (B.(/i)|a) eJ ^ (ACMliO® • 
To see the last statement, it is enough to apply ( f4.2.2|) and ( f4.2.3|) . Q.E.D. 



Let Ai G Ob(M(/x)). By Lemma [§XT] , for any finite admissible subset $ of W, Ai \x* G 



Ob(H$(/i)) has finite length and it has finite composition series whose composition factors 
are isomorphic to C w (fi)\x m for some w G $. For w e the multiplicity of C w (fx) \x 9 
in the composition series of A1|x e does not depend on the choice of a finite admissible 
subset $ of W such that w G $. We denote it by LV( : £«,(//)]. Note that the multiplicity 
does not depend on the iV + -equivariance structure. 

Lemma 4.2.2 We have [M w (ji) : = [$«,(/•«) : /or any w,y G W. 

Replacing the modules .M w (//), and B w (fi) with their images by this follows 

from the following general result. 

Proposition 4.2.3 ([|T^]) Let j : X ^ Y be an embedding of smooth C-schemes. Then 
for any holonomic Dx -module Ai, we have the equality 



Y,(-mH\[M)]=j:(-iy[H i ([M)} 



in the Grothendieck group of the category of holonomic Dy-modules. 

Proof. We can decompose this proposition into the closed embedding case and the open 
embedding case. Since the first case is obvious, we may assume that j is an open em- 
bedding. Since the question being local on Y, we can easily reduce to the case where 
X is the complement of a hypersurface of Y. Then fj Ai and Ai are concentrated at 
degree 0. We may assume further that Y \ X is defined by / = for some / G T(Y; Oy). 
Let ipf(M) be the near-by cycle of Ai, which is a holonomic -Dy-module with support in 
Y\X. Let var : ipf(Ai) — > ipf (Ai) be the variation. Then the kernel (resp. the cokernel) of 
Jji Ai — > Jj Ai is isomorphic to the kernel (resp. the cokernel) of var : t/)f(JA) — > ipf(Ai). 
Therefore we have 

[I M]-[l M} = [Coker(var)] - [Ker(var)] = 0. 

Q.E.D. 
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4.3 Cohomologies of B w (fi) 

We first study the cohomology groups of B w (fi). 

Proposition 4.3.1 Let fi G fj* , w G W and let $ be a finite admissible subset of W 
containing w. Then we have 

(i) H n (X*] BM) = H n (X; B w (n)) = for any n^O. 

(ii) We have 

T(X$; BM) = T(X; BM) ~ U( w b) ® u{ n> bnb ) (T(X W , Xw ) <g> C^) 

as a U( w b) -module. Here w b = b, © (® a &wA+ 9a) and C WOfJ , is the one- dimensional 
U( w b H b) -module with w o ft as a weight. 

Proof. By the definition of B w (fi) we have 

H n (X$; BM) ~ BM) - H n (U w , BM)- 

Hence the assertion easily follows from Proposition |4.1.1| (iii) (cf. |14|, [HI). Q.E.D. 

Later, we shall see that T(X; B w (ft)) is isomorphic to the dual Verma module under 
certain conditions. The following corollary is a key of its proof. 

Corollary 4.3.2 Let fi G b.* and w G W . 

(i) ch(r(X; BM)) = ch(M(w o fi)). 

(ii) //£ € fj* and non-zero m G T(X; B w (fi))^ satisfy n(uA + R A + )m = ; then we have 
C G w o fi - E a eA+nu,A- Z >o«- 

(iii) If ( G fj* and non-zero m G T(X; B w (fi))^ satisfy n(uA~ fl A + )m = ; i/ien we /iai>e 
C G w o ^ - EaeA+n«>A+ ^>o«- 



Proof. By Proposition |4.3.1| we have 
(431) r(X;^(/i)) : 

and hence we have 

ch(T(X;BM)) 



U(n(wA + n A-)) ® r(X w ; X J ® c wo/i 
C/(n(wA+ n A-)) <g> 5(n(wA- n A - )) ® C^, 



ch(C/(n(wA + n A"))) ch(5(n(wA- n A-)))e u,0 ^ i 

J] ( 1 _ e «)-dimg a 



aStoA+nA- 

n a- 

aeA~ 

ch(M(w o fi)). 



a€wA-(lA- 



Thus (i) is proved. 



31 



Let us prove (iii). Assume that a non-zero vector m G T(X;B w (fJ l ))^ with (El)* 
satisfies n(wA-nA + )m = 0. Then we have (r(X] B w (n))/n(wA+f] A~)T{X] B w (*/))) + 
0. Then flOU) implies 



ch(r(X; B w {fi))/n{wA + n A~)r(X; £ u 
ch(S(n(wA- n A-)))e^ 



n (i - e °) 



q^- dimg^ gUio/Lt 



■ 



ae«>A-nA- 



and we obtain (iii). 

Let us finally show (ii). Define a filtration {Fe}e & z of U(n(wA + D A - )) by 

^=0 ^KnA-))^. 

ht(/3)<£ 

Then the subspace i 7 ^ C8> O^^) ® C wo ^ of B w (ji)) is stable under the action of 

n(wA + fl A + ), and the action of n(wA + n A + ) on the quotient 

(F e <g> r(X w ; G> X J ® C W0M )/(F^ a ® r(X w ; X J <g> C^) 
= <g> T(X W ; X J (8) C WOjU 

is given by 

x(w <8) n) = m (8) for x G n(wA+ n A+), u G F e /F^i, n G r(X„,; X J <8> C mo/i . 

Take the smallest £ such that m G i 7 ^ <g> r(X w ; Ox m ) ® C„, OM and denote by m the corre- 
sponding element of (Fg/Fi-i) <g> T(X W ; Ox w ) <8> C WOM . Write m as 

r 

m = It j ® n.j , 
i=i 

where ttj (j = 1, . . . , r) are linearly independent elements of Fg/Fe-i and (j = 1, . . . , r) 
are elements of T(X W ; Qx w ) ®C^ 0/J . By the assumption on m we have n(uA + fl A + )n,,- = 
for any j. Since X w is a homogeneous space of N(wA + fl A + ), we have rij G C (g> C wo ^ C 
X J ® C WOM . Thus 

m G (i^/F^i) ® C <g> C WOM , 
and we obtain (ii). Q.E.D. 

Proposition 4.3.3 For A G /C+ g and w G VT, we /iai>e 

T(X;B w (\))~M*(wo\). 

Proof. Since ch(r(X; B^(A))) = ch(M*(wo A)), it is sufficient to show that if there exists 
m G Y{X\ B W (X))^ \ {0} such that n + m = 0, then ( = w o A. 
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Since [M(w o A) : L(()] ^ 0, Corollary |2.5.6| implies ( = y o A for y G wW(X). Hence 
there exist some 71, • • • , j r G A + (A) such that 

w' x y = s 7l • • • s 7r , s 71 • • • s^.iT,- G A+. 

Then we have 

A + p - ur 1 y(X + p) = A + p - s 7l • • • s 7r (A + p) 

r 

= H( S 7i ■ ■ • S 7,-i + P) ~ S 7i • • ■ H ( A + P)) 

3=1 
r 

= ^2(^ + P,lj)s ll ---s lj _ 1 (j j ). 

3=1 

Since A G /C+ g , we have (A + p, 7J) G Z >0 , and hence A + p — w~ 1 y(X + p) G Q + - 
On the other hand, Corollary [4.3.2| (ii) implies 

X + p-w~ 1 y(X + p) =w- 1 {wo\-Q G w~ l { Z> a)c-Q + . 
Thus we obtain A + p — w~ l y(X + p) — 0, and hence C = w A. Q.E.D. 



Remark. This proposition [4.3.3| can be also proved by using the theory of the Radon 
transform in §fO| Indeed, Theorem |4.6.2| implies T(X;B W (X)) = T(X;B e (w o A)). The 
last module is isomorphic to T(X e ; Ox) ®C wo \, and it has a unique highest weight vector, 
because X e is a homogeneous space of N + . 



4.4 Modified cohomology groups 

The cohomology group H n (X; M.) itself may be too wild. We shall replace it with a 
modified one easier to manipulate. 

Lemma 4.4.1 Let $ be a finite admissible subset of W . For any p, G \f , n G Z and 
M. G Ob(H(/z)) ; we have the following. 

(i) H n (X$; M) is an object ofO. 

(ii) // [H n (Xq>; M) : L(()} ^ 0, then there exists some w G $ such that X w C Supp( M) 
and that [M{w o p) : L{()] ^ 0. 

(iii) For any admissible subset \1/ ofW such that \1/ C $, let Ni (resp. AT 2 ) be the kernel 
(resp. cokernel) of the natural homomorphism H n (X^; M) — > H n (X^,; M). Then 
Ni belongs to Ob(O) for i = 1, 2. Moreover, if [Ni : L(()} 7^ for i = 1 or 2, then 
[M(x o p) : L(C)] 7^ /or some i6$\f. 

Proof. We first show (iii) by the induction of Jj($ \ \&). 
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If tJ($\tf) = 0, it is trivial. In the case = 1, set $\# = {x}. Let % : X x -> X$ 

and j : X<$ — >■ X$ be the inclusion. By the assumption i is a closed embedding and j is 
an open embedding. The distinguished triangle 

m*m l M -> Ai ->• Dj;dj # m^^ 

induces an exact sequence 

(4.4.1) # n (X$; D^DrTW) -► # n (X<i>; Al) -> i/ n (X^; A4) -► i/ n+1 (X $ ; Di*Di ! A4). 

Therefore the kernel A/i is a quotient of H n (X$] DzJBrA'f), and the cokernel X 2 is a 
submodule of ^^(X^D^DrAl). By Lemma IQlj the object # fc (Di*Dr A4) in H$(/i) 



is isomorphic to a direct sum of finitely many copies of B x ([i)\x#- Hence Proposition |4.3.1| 
(i) implies 

H k {X$; BiM l M) = T(X $ ; H k (m*W l M)) , 

and its character is a constant multiple of the character of the Verma module M(x o /j,) 
for any k by Corollary |4.3.2| . This shows (iii) in the case fj(<& \ \P) = 1. 

Assume \ > 1. Taking a maximal element x of $ \ set $' = $ \ {x}. Then 
$' is an admissible subset such that ^ C <&' C Consider the diagram 

ff n (X«; A4)— ^— ^"(X^; A4)-^#™(X*; A4). 

Then we have an exact sequence 

— > Ker a — > Ker(/3 o a) — > Ker /3 
Coker a — >■ Coker(/? o a) — >■ Coker (3 — > 0. 

By the induction hypothesis, Ker a and Ker /3 belong to O. Hence N\ = Ker(/5oa) belongs 
to O. If [JVi : L(C)] ^ 0, then [Ker a : L(C)] ^ or [Ker : L(C)] ^ 0. The induction 
hypothesis implies [M(x o fi) : L(Q] 7^ in the first case and [M(w o fi) : L(Q] 7^ for 
some w 6 $' \ $ in the second case. This shows the assertion for Ni. The assertion for 
A/2 is similarly proved. 

We obtain (i) and (ii) from (iii) by taking * = or * = {w G $ ; X w n SuppA4 = 0}. 

Q.E.D. 

By Lemma 4.4. 1| , Proposition 2.5.5 and the H^-invariance of /C reg , we have the following 



corollary. 

Corollary 4.4.2 For X G /C reg and M G Ob(H(A)) ; we have 

H n (X^M) e Ob(0(A)) 
for any finite admissible subset $ of W and any n G Z. 

Lemma 4.4.3 Let X, fi G /C reg . Then for any ( G f)* i/iere exzsts a finite admissible subset 
of W such that the restriction homomorphism 



(P,(H n (X^M))) c -> (P M (iT(X*;A4))) 



is bijective for any finite admissible subset $' 0/ H 7 containing $,('€( + Q + , A4 G 
Ob(H(A)) and n > (see (|2.5.11|) /or Sfce definition ofPj. 
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Proof. We may assume fi G JC^ eg . Then W(fi) o fi fl (( — /j + Q + ) is a finite set. Since 
{w G VT; wo\ = A} = {1}, there exist only finitely many w & W satisfying wo\ g W / (/x)o/i 
and w o A — ( G Q + - Thus we conclude that there exists a finite admissible subset $ of 
W satisfying 

w G W, w o A G o fi, w o \ - ( e Q + w G $. 

Then the assertion follows from Lemma [4.4. 1| (iii) and the assumption on $. Q.E.D. 



For A, fl G /C reg , .M G H(A) and n G Z> we set 
(4.4.2) H;{M) = lim (P,(P"(X $ ; A<))) € , 

where $ is running over finite admissible subsets of W. 

Lemma 4.4.4 For X, fi G /C reg; P™ an additive functor from H(A) to 0[/i] /or any 
integer n. 



Proof. Let G Ob(H(A)). Take any ( G f)*. Let $ be as in Lemma |4.4.3| . Then we 
have 

J2 dimH;(M)^= Yl dim(P,(H n (Xz;M)))t<oo 



by Lemma p~T| (i). Thus H?(M) G Ob(O). Q.E.D. 



Now for A G /C rcg and M. G H(A) we define the object of O (see fl2.5.12| )) as follows: 



(4.4.3) H n (M) = J] H™{M). 

Then H n (A4) is the projective limit of H n (X^; Ai) in the category O. 
We write f(M) for H°(M). 

Proposition 4.4.5 Let A G /C reg . 

(i) H n is a functor from H(A) to O(A). 

(ii) For any short exact sequence 

-> A^i -> .M 2 -> <M 3 -> 

m H(A), we aai>e a functorial long exact sequence 

-> P ^) -> P°(.M 2 ) -> P°(-M 3 ) 
-> P 1 ^) -> iP^-Ms) -> iP(-M 3 ) 
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(iii) Assume that [H n (M) : L(()} ^ for M E Ob(H(A)), ( G i)*, n G Z> . Tnen there 
exists some w E $ snc/i i/iat X w C Supp(.M) and t/iat [M(u> o //) : L(£)] 7^ 0. 

(iv) If X E /C+ g and A< G H(A), taen # n (.M) fe/onas to 0{S(M) o X}, where S(M) = 
{w E W- X w C Supp(M)}. 



Proof, (i), (ii) and (iii) easily follow from the definition along with Lemma [4.4. 1| and 
Corollary [4.4.2| . Let us prove (iv). Assume [H n (M) : L(()] 7^ 0. By (iii) there exists 
some x E $ such that X x C Supp(A^) and that [M(x o /i) : L(Q] 7^ 0. Then by Corollary 
2.5.61 , we have ( = w o X for some w E W with w > x. Hence X w C X x C Supp(.M). 
Therefore w E S(M.). Q.E.D. 



Lemma 4.4.6 Let X E /C rcg . For M E Ob(0{/C reg }) and M E Ob(H(A)) we have 

Hom 6 (M,f(A^)) ~ Rom 5 (M,T(X;M)). 

Proof. Note that f(.M) is the projective limit of {r(X$; .M)}$ in O, where $ ranges 
over the set of finite admissible subsets of W, while T(X;A4) is the projective limit of 
{r(AT$; .A4)}$ in the category of g-modules. Hence we have 

Hom 6 (M,f(7W)) ~ hmHom 5 (M,r(A: 4 ;X)) 
~ hmHom fl (M,r(X ;X)) 
~ Hom g (M,r(X;A4)). 

Q.E.D. 

By Corollary [4.3.2| and Proposition |4.3.3| we have the following proposition. 
Proposition 4.4.7 Let X E /C reg . 

(i) H n (B w (X)) = for n ^ 0. 

(ii) f (B W (X)) = T{X; B W (X)) and ch(f (£ W (A))) = ch(M(w o A)). 

(iii) f(B w (A)) ~ M*(™ o A) »/ A e /C+ g . 



Proposition 4.4.8 For X E /C+ g and w E W we have 

(AAA) Hom 6 (M(w o A), T(M W (X))) ^ Rom^(M(w o A), T(B W (X))) C. 

Proo/. Set A/i = B w (X)/C w (X),Af 2 = Ker(M w (X) -> £ W (A)). Then we have Supp(A^) C 
X^\X W for z = 1,2. Hence Proposition |X5] (iv) implies [H n (Afi) : L(woA)] = 0. Taking 
the cohomologies of the short exact sequences 

-> JV 2 -> Af^A) -> C W (X) -> 0, 
0-> A,(A)->B u) (A)->M->0, 
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we obtain exact sequences 

- f (JV 2 ) - f (M«,(A)) - f (C W (X)) - H 1 (J\f 2 ), 
-> f (£ W (A)) - f(B w (A)) -> f(M). 

Therefor we have 

[f(^(A)) :L(icoA)] = [f(£ w (A)) :J L(woA)] 

= [f(B w (A)) : L(woA)] 
= [M*(u> o A) : L(w o A)] 
= 1 . 



Here the third equality follows from (iii) in the preceding proposition. By Proposition [4.4.5 
(iv), we have 

[r{M w {X)):L{yo\)} = for y < w. 

Hence Lemma |2.5.8| implies that Homg (M(tz; o X),T(M. W (X))) does not vanish. By the 
exact sequence 

-> f(M) - f (AC(A)) - f {B w {\)) 
and Hom ( g(M(w o A), r(A/2)) = 0, the homomorphism 

Hom 6 (M( W o A), f (A4 M (A))) - Hom 6 (M( W o A), f (B tt (A))) = C 
is injective, which implies the desired result. Q.E.D. 

4.5 Modified localization functor 

For fi E t)* there exists a unique additive functor 

(4.5.1) D„® • : M adm ( e ) -> M adm (£g (M ^ D^M), 
called the modified localization functor, such that 

(4.5.2) Eom B (M,T(X;M)) = Hom Dji (_D M <t>M, M) 

for M E Ob(M adm ( )), M E Ob(M adm (D^)). 



In |L4| it is constructed in the case where \i is integral. Since the construction in the 
general case is completely similar, we do not repeat it here. As in |14| we have the 
following proposition. 

Proposition 4.5.1 Let \iE\f . 
(i) The functor ([4.5.1 ) is right exact, and commutes with the inductive limit. 



(ii) For any M E O, D^M is an N + -equivariant admissible D^-module. 
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In particular, for M G 0b(O), the support Supp(-D^(g>M) of D^M is a 5-stable 
closed subset of X. 



By Lemma 4.4.6 we have the following lemma. 
Lemma 4.5.2 For A G /C rcg; M G 0b(O{/C rcg }) and M G Ob(H(A)) we have 

Hom 5 (M, f(wM)) = Hom£i A (D\(E)M, M) . 

Proposition 4.5.3 Let A G K+ g! M G Ob(O). 

(i) Assume that X w is open in X w \J Supp(_D A ®M). Then D\®M\ Uw is isomorphic to 
the direct sum o/dimHom (M, M*(w o A)) copies of B w (X)\u w - 

(ii) Supp(D\(3M) is the union of X w such that Hom (M, M*(w o A)) 7^ 0. 

(iii) If \ G /C+ g , i/ien Supp(-DA®^0 is the union of X w such that [M : L(w o A)] 7^ 0. 



Proof. Let us first show (i). Assume that X w is open in X w USupp(D\®)M). Lemma f4.2.1 
implies that D\®M\ Uw is isomorphic to B w (X) S)J \u w for some index set J. Hence by ( [4.2. 3| ), 
( |4.5.2|) , and Proposition [4.3.3| we have 

Hom (M, M*(w o A)) ~ Hom Dx (D x ®M, B W (X)) 

~ Kom Dxlu jD x ®M\ Uw ,B w (\)\ Uw ) 
~ Hom c (C® J ,C). 

Hence (J J = dimHom (M, M*(u> o A)) < 00. Let us show (ii). By (i) it is obvious that 
Supp(D\(&M) in contained in the union. Conversely assume Hom (M, M*(wo A)) 7^ 0. If 
X w is not contained in Supp(D\®M), then X w is open in X w U Supp(-Da®^0j and hence 
(i) implies that Supp(_Da®-^) contains X w . 

Let us show (iii). By (ii), it is enough to show that [M : L(w o A)] 7^ implies 
X w C Supp(-D A ®M). Let us take x e W such that 2 < w, [M : L(x o A)] 7^ and 
[M : L(y o A)] = for any y < x. Then Lemma |2.5.8| implies Hom (M, M*(x o A)) 7^ 0. 



Hence (ii) implies Supp(_D A ®M) D X X D X w . Q.E.D. 
Proposition 4.5.4 For A G /C+ the functor (|4.5.1 ) induces the functor 



(4.5.3) D M ® • : O -> H(A). 

Proo/. Set M = [7(5)/[/(g)n + . We shall first show that D X <§M is holonomic. Let $ 
be a finite admissible subset of W. Set Y k = X$/ exp(n£ ), and let pk ■ X$ — > Y k be the 
projection. Then Yk is a smooth C-scheme for k » 0. For k » 0, let {(Yk, Ak)}k>k 
be a smooth projective system of (X$, D\\x )- Since Yk has finitely many orbits by the 
action of exp(n + /n^), the A fc -module A k <S>c/( n +/ n +) C is a holonomic A fc -module. Since 

D\%>Mq\x = P*(Ak ®t/( n +/n+) f° r ^ » (see |14]]), it is also holonomic. Thus we 
have proved that D\®M Q is holonomic. Then we see that D\®(U(q) ®u{n+) V) is also 
holonomic for any finite-dimensional b-module V. Indeed V has a finite filtration whose 
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graduation is isomorphic to C as an n + -module. More generally for any g-module M 
which is generated by a finite-dimensional b-module V, D\®M is holonomic. 

Now let us show that D\®M is holonomic for any M G O. Let $ be a finite admissible 
subset of W . Let Mi be the g-submodule of M generated by we $ M wo \, and set M 2 = 
M/Mi. Then we have [M 2 : L(w o A)] = for any w G $. Hence Proposition |4.5.3j (iii) 
implies that -Da^^Ix* = 0. By the exact sequence 

D x ®Mi -> D\®M -> D X ®M 2 -> 

-Da^MxIx,, — ► -Da®M|x $ is surjective. Since D x ®M-i is holonomic, DaC^M^ is holo- 
nomic. Q.E.D. 

Corollary 4.5.5 For A G /C+ g and /i = w o A G /C+ g w G Supp(F> A <S>M) C 
/or any M G 0[/x] . 

Proo/. For x G W 7 , if [M : L(x o A)] / then x o A G o fi. Hence x G W(/j,)w and 

Lemma |2.5.7| implies x > w. Then the desired result follows from Proposition |4.5.3| (iii). 

Q.E.D. 

Corollary 4.5.6 Let A G /C+ g and // G /C rcg . For M G Ob(0[//]) we have D X ®M = 
unless fi eW o X. 

Proof. Assume D\®M ^ 0. Take w G W such that Xu, is open in Supp(F>A<S>M). Then 
Proposition |4.5.3| implies [M : L(w o A)] ^ 0. Hence w o A G H 7 o //. Q.E.D. 



We define D\<g)M for A G /C+ g and M G O by 

D A ®M= D X ®P^M)= D A ®P M (M). 
AtG/c+g /xev^oAn/c+g 

Here the last equality follows from Corollary |4.5.6| . Then Corollary |4.5.5| implies that, for 
any finite admissible subset $, F>A®F At (M)|x $ = except finitely many /i 6 Ifo An /C+ g . 
Hence FJa® • is a right exact functor from O to H(A). The composition of functors 

o{/c rc j — > o^>e(A) 



coincides with the restriction of the original functor D\<§) • by Theorem |2.5.9| . Moreover 
we have the following property analogous to ( |4.5.2|) . 



Proposition 4.5.7 For X G K£ , the functor D\® • : O — > H(A) zs a Ze/£ adjoint functor 
of f : H(A) — > O. Namely we have an isomorphism functorial in Ai G H(A) and M G O : 

Hom H( A)(F>A®M, M) = Hom 5 (M, f (M)) . 

In particular we have a morphism functorial in G H(A) 

F> A ®f (A4) -> M . 
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Proposition 4.5.8 Let A G JC^ eg , and $ a finite admissible subset ofW. For M G Ob(O) 
we have D X ®M\ X ^ = if and only if M e 0b(O{(/C rcg \ ($ o A)}). 

Proof. We may assume M G Ob(O). Then it is an immediate consequence of Proposition 
gX3| . Q.E.D. 

Theorem 4.5.9 For any A G /C+ g and ty G W 7 , there is a canonical isomorphism 

D x ®M(wo\) M W (X). 

Proof. We have dimHom g (M(w o X),M*(y o A)) = 1 or according to whether w = y 
or w 7^ y. Hence by Proposition |4.5.3| we have Supp(D\(3M(w o A)) = X w , and 

D x ®M{w o \)\ Uw ~ B w (X)\ Uw ~ AC(A)k. 

By (|4.2.2|) the isomorphism A^ w (A)|;j w ~ D\<g>M(w o X)\u w is uniquely extended to a 
homomorphism : Ai w (X) — > D\®M(w o A). 

On the other hand, by Proposition [4.4.8| we have a unique non-zero homomorphism 
M(w o A) — > T(M. W {\)). Let ip '■ D\®M{w o A) — > M. W (X) be the corresponding homo- 
morphism. By the same proposition, the composition D\®M{w o A) — > .M^A) — > £>«,(A) 
is non-zero. Hence (f\u w and ^lu^ are inverse to each other up to a non-zero constant 
multiple. In particular we have i>o(f\u w is the identity endomorphism of M. w (X)\u w - Thus 
tpotp = id by (ggg ). 

It remains to show that is an epimorphism. Note that Supp(Coker(<^)) C I„ \ 
Assume that Coker(</>) ^ 0. By Lemma |4.2.1| , there exists some y & W such that y > w 
and that Hom_D A (Coker(</?), B a (A)) 7^ 0. Since Coker(</>) is a quotient of D\®M{w o A), 
we obtain 

Hom (M(w o A), M*(y o A)) ~ Rom Dx (D x ®M(w o A), ^(A)) 7^ 0. 

This implies w = y, which contradicts y > w. Thus Coker (ip) = and hence ip is an 
epimorphism. Q.E.D. 

For A G /C+ g , a canonical morphism D\®M*{w oA) ^ £> U ,(A) is defined by Proposi- 
tion [OJ and ( ggg ). 



Lemma 4.5.10 For any X G /C+ g andw G i/ie canonical morphism D\(&M*(woX) 
B W (X) is surjective. 



Proof By Proposition gX3j we have T(X; B W (X)) = M*(w o A). Since the open embed- 



ding 2 : — > X is an affine morphism and <6 TO (A) is a quasi-coherent Ox-module, the 
natural homomorphism O x M*(w o X) = O x ® T(U W ; B W (X)) -> z»i _1 B 11) (A) = B tt (A) 
is surjective. Hence the assertion follows from the fact that O x ® M*(w o A) — > <B^(A) 
decomposes into C x ® o A) -> D x ®M*(w o A) -> B 11) (A). Q.E.D. 
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4.6 Radon transforms 

For i G I, fi G Fj* and n G Z, we shall construct functors 

(4.6.1) S» : H(/i) -> H( S , o fj), SJ* : H(^) - H( Sj o /i), 



called the Radon transforms, and investigate their properties. We use results in [[To 
without giving proofs. 

Fix i G J. Let P~ be the algebraic group containing £?~ with Lie algebra b~ ®Q ar We 
have a natural free right action of P~ on G (see ||13||). Set Y = G/P~~, and let tt : X — ► K 



be the projection. Then Y is a separated pro-smooth scheme, and it is a P 1 -bundle. Set 

Z = Xx Y X, Z = Z\A(X), 

where A : X Z denotes the diagonal embedding. Let p r : Zq — > X (r = 1,2) be the 
first and the second projections. 

For a holonomic -D M -module .M we set 

(4.6.2) S^M=H n ([ plM), S?M = H n ([ p' 2 M). 



Since $\ = 0x(-ai), we have p\D Si0 ^ = p 2 D^ (see Lemma 1.3.3 of [0), and hence 
and iSfi are well-defined. 



By Lemma 1.4.3 and Theorem 1.5.1 of 1T3], we have the following proposition. 



Proposition 4.6.1 Let \i G Fj* ; and let i G / and w & W such that wsi < w. 

(i) S^B w (fi) = B WSi (si o ji) and S^B w (ji) = for n ^ 0. 

(ii) SftMuCji) = A^ mSi (sj o n) and S^M w (ji) = for n ^ 0. 

(iii) S^B wa .(fi) = B w (si o /i) and S^B^lA = for n ^ 0. 

(iv) S°^ WSl (/i) = A4„,(s< o /i) and S^M WSi (fi) = /or n ^ 0. 

Theorem 4.6.2 Let A G JC rcg ,w G W, i G J stxcn taat < u; and (/ij, A + p) Z >0 . 
Tnen we aaf e 

H n {B WSi (X)) ~ ^(^(s, o A)), ^(A^A)) ~ H n (M WSi (s t o A)) 
/or any n G Z. 



Proof. Take a finite admissible subset $ of such that = $. By Proposition |4.6._ 
Corollary 1.6.2 of fll8f , and by (hi, A + p) ^ Z >0 we have 

B WSi (A)) ~ H n {X„- B w { Si o A)), H n {X„- M w {\)) ~ # n (X $ ; o A)) 

for any n G Z. Hence the desired results follow by taking the projective limit with respect 
to $. Q.E.D. 
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Corollary 4.6.3 Let A G /C* g , z G H 7 . Assume that zoAg ^tg- T/ien we have 
H n (B w (X)) ~ H n (B wz -i(z o A)), ^(ACM) ~ H n {M wz -,{z o A)) 
/or any w 6 If and fiGZ. 

Proof. Take a reduced expression z = s^s^ • • • Sj p of z G W. It is sufficient to show 
H n (B WSip ... Si3 i+i ( S< . +1 • • • Sjp o A)) ~ H n (B WSip ... Si . ( Sij ■ ■ ■ s ip o A)) 
^ n (A^^ p ... Slj+1 • • • s ip o A)) ~ //"(.Vr, i ,. j ....... • • • s ip o A)) 

for any j . By Theorem [4.6.2| we have only to show 

(Sy+i • • • Sj p o A + p, «V ) ^ Z >0 U Z <0 . 
Since A G /C+ g and • • • s ij+1 (a^) G A+, we have 

• • • Si p o A + p, = (A + p, s ip • • • s ij+1 (a{p) ^ Z <0 . 
On the other hand, since z o A G /C+ g and • • • Sj j ._ 1 (o!i j ) G A+, we have 

(s ij+1 ■■■s ip o \ + p, a y) = -{zo X + p,s h ■ • • 3^(0%.)) i Z >0 . 
The proof is completed. Q.E.D. 

4.7 Global sections of M w {\) 

For A G /C+ g and w G W, we denote by 

(4.7.1) p*:M(«>oA)->f(A4 w (A)) 

a non-zero morphism in O (see Proposition |4.4.8| ) . Note that is unique up to a non-zero 
constant multiple. The aim of this section is to prove that it is a monomorphism. 

Let i G I. Let vr : X F be the P x -bundle as in §4.6|. Assume that w G W satisfy 



U'.s, 



lOSi > to. Set Y w = tt(X w ). Then Y w is an affine scheme. X iw = ir~ l (Y w ) = X w U X, 
and X WSi — ► Yu, is an isomorphism. Hence X WSi is a closed hypersurface of Xi W . Let 
j : X iw -> X be the inclusion. Let A be an element of fj* satisfying (A + p, a^) G Z. 
Then there exists an iV + -equivariant line bundle L on X iw such that j^D\ ~ Dx iw (L). 
Let jo : -X^, — >■ X iu , be the open embedding and io : X WS4 — > X iw the closed embedding. 
We have the exact sequences of holonomic .Dx^ -modules 

o — > ®x lw —> f iQ o Xw — > f io o Xws . —> 0. 

Since j is an affine morphism, H° /• , and H° f- are exact functors. Tensoring L to the 
exact sequences above, and applying the exact functors H° fj \ and H° L, we obtain exact 
sequences in H(A) 

— M WSl (X) -i- M ro (A) — £ — , 

0— ^(A) — ►B^A)— >0. 

where £ = H° f^ L and £ = H° f-L. We have ~ for any open set containing 
Xi w as a closed subset. 
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Lemma 4.7.1 Assume that A G JC^ cg , i G / and w G W satisfy wsi > w and oti G 
A(A). Let : T(J^A WSi (X)) — > T(A4 W (X)) be the monomorphism in O induced by the 
monomorphism i : M. WSi [X) — > .M<i,(A) m ( |4.7.2|) . Lei j : M(wsj o A) — > M(w o A) be the 
infective homomorphism of g-modules (see Proposition |2.5.5| ) . Then the following diagram 
in O is commutative up to a non-zero constant multiple. 



M(wsi o A) 



r(AWA)) 

I* 

M(wo\) -*^> f(M w (X)). 
Proof. It is sufficient to show the following two statements. 

(4.7.3) dimHom s (M(«;s i o A), f (.M ro (A))) = 1. 

(4.7.4) ^oj^O. 

We first show (|4.7.3|) . The first exact sequence in ( |4.7.2| ) 

^ M WSi {\) ^ M w {\) ^ £ ^ 

induces exact sequences 

(4.7.5) -> Hom 6 (M(«; Si o A), F{M WSi {\))) -> Hom 6 (M(«; Sl o A), f (A* tt (A))) 

-^Hom 5 (M( W s i oA) ) f(£)). 

Since dimHomg ) (M(t(7SjoA), r(A^«, Si (A))) = 1 by Proposition |4.4.8| , it is sufficient to show 
Rom^{M(wSi o A),f (£)) = 0. Since A^^(A) = D^M^s* o A) by Theorem gXg , we 
reduce this to Hom(A^ WSi (A), £) = 0. Set $ = {x G If ; i < u>Sj} and * = $ \ {tysj}. 
They are finite admissible subsets of VF, and Xj, fl X w = X iw = X w U X WSi . Then fli.7.2|) 
induces an exact sequence: 



-> £| Xs -> ^(A)|x 4> -> B Wi (A)|^ 
Since -M^(A)| X * = 0, we have by JQ3D and ( ggg ) 



0. 



Hom(.M^(A),£) ~ Hom(^ Si (A)| Xs ,£UJ 

C Hom(.M 11w .(A)|jr # ,jB 1l ,(A)|jO 

~ Hom(A^ UJSi (A)U^H u ,(A)UJ = 0. 

Thus the proof of (|4.7.3| ) is completed. 

Let us prove ( 4.7.4|) . Consider the chain of morphisms 

ip : M(w oA) ^ V{M W {\)) r(M WSi ( Si o A)) -> f(B w ^( s< o A)). 



Here the middle isomorphism follows from Theorem [4.6.2| , because 

(si o A + p, a, v ) = -(A + p, a t v ) g Z >0 . 
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In order to prove ( |4.7.4|) , it is sufficient to show that the composition of 

M(ws t o \)-l-^M(w o A)-^Uf (B W8i ( Si o A)) 

is non-zero. Assuming that if> is a non-zero homomorphism for a while, we shall finish the 
proof. Since ch(T(B WSi (si o A))) = ch(M(w o A)), we have [Ker^) : L(Q] = [Coker(^) : 
L(Q] for any (. Assume that ipoj = 0. Then Ker(^) contains M(wSjoA) as a submodule. 
Hence we have 

[Coker(» : L(wsi o A)] = [Ker(^) : L(wSi o A)] > 0, 

Since Coker (iff) wo \ = 0, [Coker^) : L(Q] ^ only if ( = y o A for some y & W such that 
y > w. If [M(C) : L(wsi o A)] ^ and [Coker(^) : L(Q] ^ 0, then we have ( = y o A with 
wSi > y > w (by Corollary |2 . 5 . 6|) , and hence ( = wsi o A. Hence Lemma |2.3.2| implies 

dimHom (M(wsi o A), Coker(^)*) > 0. 

Thus we obtain 

dimHom fl (M(ws, o X),f(B WSi (si o A))*) > dimHom g (M(ws; o A), Coker (■?/>)*) > 0. 
Applying Corollary |4.3.2| (iii) , we have 



WSi o \ <E w o \ — ^ Z> a, 

a<=A+r\wsiA+ 



and hence 



(A + p, a^)a{ = w x (w o A — wsi o A) e u> 1 ^ Z> a; = ^ Z> a 

aGA+n«)SiA+ aeu> _1 A+nsiA+ 
aeA+\{ai} 

This is a contradiction. Hence ip o j ^ 0. 

It remains to prove that ip does not vanish. In order to see this, it is sufficient to show 
the injectivity of the homomorphism 

Hom 6 (M(w o A), T(M WSi ( Si o A))) -> Hom 5 (M( W o A), f (B WSi ( Si a A))) . 

Let M be the kernel of the morphism M. WSi ( s i ° A) — » B WSi (si o A). By the exact sequence 

-> Hom 6 (M( W o A), f(jV)) -> Hom 6 (M(^ o A), f (M^* o A))) 

-> Hom s (M( W o A), f(B wst ( Si o A))), 

we can reduce the assertion to [T(J\f) : L(to o A)] = 0. Assume the contrary. Then by 
Proposition [4.4. 5| (iii), there exists some x € W such that 

(4.7.6) [Af(xs< o A) : L(w oA)]^0 and 

(4. 7. 7) X x C SuppA/" c X^7 t \ X WSi . 

Then (|4.7.6|) implies xsi < w by Corollary |2.5.6| , and ( |4.7.7|) implies WSi < x. Hence we 
obtain xsi <w< WSi < x, which implies l(xsi) < l(w) < l(wsf) < l(x) < l(xSi) + 1. This 
is a contradiction. Hence we have proved the non-vanishing of if}. Q.E.D. 

Now we are ready to prove the following result. 
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Proposition 4.7.2 Let A G /C+ g; w G W . Then the morphism 

^:M(wo\)^t(M w (X)) 

is a monomorphism. 

Proof. Take x G W(w o A) such that A' = x^w o A G . Then to o A = x o A' and 
x G W(A'). By Corollary pT3| we have f(M w (X)) ~ f (A^ X (A')). The composition of 



A' _ 



M(w o A) = M(x o A')^^r(>f a: (A / )) ^ r(^(A)) 

coincides with (p^ up to a non-zero scalar multiple by Proposition |4.4.8| . Hence we may 
assume from the beginning that w G W(X). 

For y, x G W(A) such that y >\ x, we denote by /Jf : M(y o A) — > M(x o A) a non-zero 
homomorphism of g-modules. 

Assume that for any w G W(X) there exists a monomorphism 

F w : f(A^(A)) - T(M e (X)) 

in O such that the diagram 

M{woX) -^-> f(wM w (A)) 
(4.7.8) /rj |f w 

M(A) — f(.M e (A)) 

is commutative. If Ker p\ ^ 0, then there exists some w G W such that Imf™ C Ker 
Since 7^ 0, this contradicts the injectivity of F w . Hence <p\ is injective. Thus (p^ is a 



monomorphism by the commutativity of ( [4.7.8 



Therefore it remains to show that for any w G W(A) there exists a monomorphism 
F w : f(M w (X)) — > f (A^ e (A)) in O such that the diagram ( |4.7.8j ) is commutative. 

For w G W(X), take a reduced expression w = ■ ■ ■ sp r (j3 k G n(A)). Set w k = 
Sfa ■ ■ ■ S/3 k . Then w k = and w fc _i/?fe G A + . 

Then it is sufficient to show that for any k there exists a monomorphism 

F h :?(M Wlt (\))-+t(M u *_ 1 (\)) 

in O such that the diagram 

M(w k oX) f(A^^(A)) 
(4.7.9) fZl_\ [ Fk 

M{w k - X oX) ► ViM^iX)) 

is commutative (see Theorem [2.5.3| ). By Lemma [2.2.4| we can take x G W such that 
A' = x o A G ,x(Pk) = a; 6 II. We have a, G A(A'). Set ?/ = Wk-ix' 1 . Then 
yaj = Wk-iPk G A + and hence t/Sj > y. We have u^-i o A = y o A', w k o X = ysi o A', and 
hence M(w fc _i o A) = M(y o A'), M(%v k o A) = M(ys, o A'). Moreover, by Corollary |4.6.3| , 
we have f(M Wfc _ 1 (A)) = f(A1 J/ (A / )), f (A* Wfc (A)) = t{M ySi {X')). Hence the desired result 
follows from Lemma [4.7. 1| . Q.E.D. 
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4.8 Correspondence of ^-modules and D-modules 

We shall prove the following theorem on a partial correspondence between H(A) and 

O(A). This theorem says in particular that the composition H(A) — — >Q(A) Da<8> > H(A) 
is an equivalence of categories. Hence H(A) is equivalent to a full subcategory of O(A). 
Moreover, J\4 W (X), B W (X) and C W (X) in the category HI(A) correspond to M(woA), M*(wo 
A) and L{w o A) in O(A), respectively 

Theorem 4.8.1 Let A G /C+ . 

(i) H'\M) = for any M G Ob(H(A)) and n^O. 

(ii) r{B w {\)) ~ M*(w o A) and f(M w (X)) ~ M(w o A) /or any w G 

(iii) f(£ u ,(A)) ~ L(u> o A) for any w G W. 

(iv) D A ®f M for any M G Ob(H(A)). 

Proof. Note that the first statement in (ii) is already proved (Proposition |4.4.7| ). We 
first show (i), (ii) and (iv). It is sufficient to show the following statements (a), (b) and 
(c) for any finite admissible subset $ of W. 

(a) For M G Ob(H(A)), we have H n (M) G Oh(Q{(W \ $) o A}) for any n ^ 0. 

(b) For w G $, the cokernel of the monomorphism (p^ : M(w o A) — > r(A^ m (A)) belongs 
to 0{(iy\$) o A}. 

(c) For Af G Ob(H(A)) and a morphism (p : M T(M) in O, assume that Ker(<^) 
and Coker(<£>) belong to 0{(PF \ $) o A}. Then the canonical homomorphism 
D\®M\ XiSt — > M\xz, is an isomorphism. 

Fixing $, we shall show the following statements (a)^, (b)*, (c)$ for a finite admissible 
subset ^ of W such that \I> C $ by induction on \ Note that (a) = (a) , (b) = (b)0 
and (c) = (c) . 

(a) « Let Al G Ob(H(A)) such that Supp(Al) nl$ = I. Then we have H n (M) G 

Ob(0{(iy \ $) o A}) for any n > 0. 

(b) # For to G $ \ the cokernel of the monomorphism : M(io o A) — > r(Al tu (A)) 

belongs to 6{(W\$) o A}. 

(c) $ Let Af G Ob(H(A)) such that Supp(Al) PI Xq, = 0. Assume that a morphism 

<p : M -> f(Af) in O satisfies Ker(^), Coker(^) G 0b(O{(iy \ $) o A}). Then the 
canonical homomorphism D\®M\x i> — > -M\x^ is an isomorphism. 

In the case $ = (a)$ follows from Proposition [4.4. 5| (iv), (b)$ is trivial, and (c)$ 
is a consequence of Proposition 4.4. 5| (iv) and Proposition 4.5.8| . 

Assume Jj($\\l/) > 0. Take a minimal element y of the set $\^, and set ty' = \I/U{?/}. 
Then is a finite admissible subset of W satisfying * C C $ and Jj($ \ = 
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\ if?) — 1. Hence we may assume the statements (a)*/, (b)^/, (c)^/ by the hypothesis 
of induction. 

Set £ = By(X)/C y (X). Since Supp(£) n X 9 , = 0, (a)*/ implies # n (£) G Ob(d{(W/ \ 
$) o A}) for n^O. By considering the long exact sequence associated to the short exact 
sequence 

-> £ a (A) -> <B„(A) -> £ -> 0, 
we obtain H n (C y (X)) G Ob(0{(W \ $) o A}) for any n > 2 and an exact sequence 

(4.8.1) f(B y (X)) -> f (£) - Jf^A)) - 0. 

Consider the following natural commutative diagram. 

D A ®r(B»(A))|x, £>A®f(£)U, 

/ill |/12 

^(A)U $ £k- 



Then /12 is an isomorphism by (c)*', hi is surjective by Lemma |4.5.10| , and /2 is obvi- 



ously surjective. Thus D\0T(B y (X))\x lS , — > £ ) A<8>r(£)|x $ is surjective. Hence we have 
£' A ®i7 1 (£ ? ,(A))|x s = by (|4~8l ). Then we obtain H\C y (X)) G Ob(0{(H/ \ $) o A}) by 
Proposition We have thus proved that H n (C y (X)) G 0b(O{(jy \ $) o A}) for n > 0. 

Set £' = Kex{M y {X) -> £j,(A)). Since Supp(£') n X*, = 0, (a)*/ implies tf n (£') G 
Ob(0{(H / \ $) o A}) for any n > 0. By considering the long exact sequence associated to 
the short exact sequence 

-> £' -»■ A^A) -> £ y (A) ->0, 

we obtain 

(4.8.2) H n (M y (X)) G Ob(6{(W \ $) o A}) for any n > 0. 



Let us show (a)#. By Lemma [4.2. 1| there exists a morphism / : A4 y (X)® r — > A4 whose 
restriction A / i ?; (A) ffir |x (p , A^|x^/ is an isomorphism. Setting A/" = Im(/), J\f\ = Ker(/) 
and A2 = Coker(/), we obtain exact sequences 

-»• A/i -> A4 y (A) er -> AT -> 0, 

Note that Supp(M) nl ? » = D for z = 1, 2. Let n > 0. By (a)*/ and J|4.8.2j ), the objects 
# n+1 (M), # n (A/" 2 ) and #»(.M y (A)) belong to 0{(H/\$)oA}. Hence # n (A4) also belongs 
to ©{(H 7 \ $) o A} by the exact sequences 

H n {M y {X))® r -> # n (A0 -> # n+1 (A/i), 
H n {M) -> ^ n (A4) -> # n (A/2). 

The statement (a)^ is proved. 
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We next show (b)^. By (b)^/ we have only to deal with the case w = y. By 
Lemma [4.2.2| we have, for any jj, G /C reg , 

^(-l)"ch(P^"(^(A))) = E(- 1 ) n ch(^ n (^(A))) = ch(P,f(^(A))) 

n n 

= ch(P M (M(yoA))). 

Since if n (7W y (A)) belongs_to ©{(W 7 \ $) o A} for any n > by (a)*, we see that 
ch(P M (Coker<^)) = ch(P M f (M y (X))) - ch{P^{M{y o A))) is in Ex*w\* %ch{L{x o A)). 
The statement (b)$ is proved. 

Let us show (c)$. Take r, /, TV, A/i, A2 for .M as in the proof of (a)^. Set AT = 
< y 2~ 1 (Im(T(A/') — > r(A^))) and A^ = M/N. Then we obtain the following commutative 
diagrams whose rows are exact. 





N 

A 

f(A0 



M 

A 

t{M) 



N 2 
1* 

f(M) 



H\N) 







D X ®N 

I 



D X ®M 



M 



D X ®N 2 



M 2 



0. 



By the definition of N 2 , ip' is a monomorphism. By (a)^, we have H l (J\f) G Ob(0{(W \ 
$) o A}). Hence by the exact sequences 

— >■ Ker ip — >■ Ker yj — > — >■ Coker ^ — >• Coker </> -> Coker <p' -> P^A/"), 

and by the assumption on we obtain 

(4.8.3) Ker(^), Coker(^), Coker(^) e Ob(0{(W \ $) o A}). 

Since Supp(A/2) flXf = 0, the morphism Dx<k>N 2 \x^, — > A/^jx^ is an isomorphism by (c)^/ 
and ( |4.8.3j ). Hence it is sufficient to show that D\®N\xq — > A/]^ is an isomorphism. 

Set jV = V'- 1 (Im(f(^(A)® r ) -> f (TV))) and let ^0 : N -> f (A/") be the restriction 
of V- Since P^M) e Ob(0{(H/ \ $) o A}) by (a)*,, we have 

(4.8.4) N/N , Ker Vo, Coker ^ G Ob(5{(H/ \ $) o A}) 

by Q4.8.3| ) and the exact sequences 

-> JV/iVo -> H 1 -> Ker ^ -> Ker V, 

iV/iVo -> Coker -> Coker ^ -> 0. 



Proposition |4.5.8| implies Dx®(N/N )\ XiSf = 0, and hence -Da^A^Ixi, -> D x ®N\ Xi , is 
surjective. Since -Da^-A/qIa^ — > A/]x ffi decomposes into -Da<8>-A/o|x $ — > ^ a®^V"U* — > A^x*, 
it is sufficient to show that Dx<S>N \x^ — > J\f\x<s, is an isomorphism. 
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Let R be the fiber product of T(M. y (\)® r ) and Nq over f(A/"), and consider the fol- 
lowing commutative diagrams whose rows are exact: 

-> f(M) > R > N > 

id I V'j Uo j 

- f(M) ► f(-M.(A) ffir ) f (A/") ► ^(M), 



I I I 

> M > M,,(A)® r ► A/" -»• . 

By (c)*/ the morphism -DA®r(A/ r i)|x 4 , — * A/i|x $ is an isomorphism. Hence it is sufficient 
to show that the morphism D\<S>R\x^ — > -M^A)®^^ is an isomorphism. 

Since Ker ^// and Coker if)' are isomorphic to subobjects of Ker ipo and Coker ipo respec- 
tively, we have 

(4.8.5) Ker(V>'), Coker(^) G Ob(d{(H/ \ $) o A}) 

by ( |4.8.4| ). Thus we have reduced (c)$ to the case .M = .M y (A)® r . 

The statement (b)$ implies that ip* : M(yo A) — > r(A / i y (A)) is a monomorphism such 
that Coker tp$ e Ob(6{(W \ $) o A}). Let i2' be the Cartesian product of M(y o A)® r and 
i2 over f (.M y (A)® r ) : 



M(yoA)® r ^— > T(M y (X)® r ). 

Then Coker 77 belongs to 0{(VF \ <&) o A}, and hence -Da® Coker rj\ x ^ = by Proposition 
4.5.8| . Hence we obtain 

(4.8.6) D A ®i?'| X4 , -> D x ®R\ Xi> is surjective. 

On the other hand, the cokernel of if)" belongs to 0{(W \ $) o A}, which implies that if)" 
is surjective. Since the kernel of if)" also belongs to Q{(VF \ $) o A}, -D A ® Ker if>"\x 9 = 0. 
Hence we have 

Dx®&\x. D x ®M{y o A)® r U, = •M w (A)® r |x*- 

Since the isomorphism D\®R'\x 4 , M y (X)® T \x i , factors through D\®R\ Xi> , Q4-8.6Q 
implies that D\®R\x^ — > A / i y (A)® r |x <l . is an isomorphism. The statement (c)$ is proved. 
The proof of (i), (ii) and (iv) is now completed. 

Let us finally show (iii). By (i) the functor V : H(A) — > O(A) is exact. Hence the exact 
sequences 

M W (X) -> C w {\) -»• 0, - £ M (A) -> ^(A) 
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induce exact sequences 

f{M w (\)) - f(£ w {\)) - 0, ^ f(£ w (A)) - f{B w {\)) . 

Since we have already seen T(Ai w (X)) ~ M(w o A) and T(B W (\)) ~ M*(w o A), we 
have only to show that the morphism T(Ai w (\)) — > T(B W (\)) induced by the canonical 
morphism Ai w (X) — > B W (X) is non-zero. This follows from (iv). The statement (iii) is 
proved. Q.E.D. 



5 Twisted intersection cohomology groups 
5.1 Combinatorics 



We first recall a result of Lusztig [£2 
Set 

f)Q = Q ®Z P, 

where P is as in § f4.1| . Note that the Weyl group W naturally acts on T. For A G T let 
M x be the free Z[q, g~ 1 ]-module with basis {A x } we w 



For i e / we define On G Hom Z [^ r i] 



(M A , M s ' x ) by the following. 



Then ^ : M A -> M 

Lemma 5.1.1 (Lusztig |22|]) (i) 

abelian group M x satisfying 



1 ^WSi 


if (A, 


^ Z, wsj > u> 


ASiX 


if (A, hi) 


^ Z, < W 


q~ l A x WSi + (q- 1 ~ l)A x w 


if (A, ft,*) 


G Z, tys^ > u> 


A x 

WSi 


if (A, hi) 


G Z, u;Sj < w 


WSi 


if (A, hi) 


^ Z, wsj > if 




if (A, foj) 


^ Z, wsj < if 


A x 

WSi 


if (A, hi) 


G Z, wsj > if 


qA x Si + (q- 1) A x 


if (A, /ij) 


G Z, wsj < if 


and 0;* : M S * A -> M A are 


inverse to each other. 



There exists a unique endomorphism m i— > m o/ £/ie 



4 A = ^, 



g 1 m, 6 iif {m) = 9n(m) 



for any m G M A . 
(ii) VFe have m = m for any m G M x , and 

A* G q~ e(w) A X 



/or any w G 
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Proposition 5.1.2 (Lusztig p2|| ) (i) For w G W and A G T there exists a unique 
C x G M x satisfying 



(5.1.1) C x w G ^+E(9 (%H(sH)/ ^r 1 >^?.^^ 

y<w 

(5.1.2) C^ =g -^)^. 



(ii) //w is the element of wW(X) with minimal length, then for any x G 1^(A) we have 

y&W(X),y< x x 

where c(y, x) = ((£(x) — ((y)) — (i\ (x) - £ x (y)))/2, and P x x {q) G Z[q] denotes the 
Kazhdan-Lusztig polynomial for the Coxeter group W(X) (Kazhdan-Lusztig [19 ). 

We define k G Hom z[M -i](M A , M" A ) by k(A x ) = A~ x . 

Lemma 5.1.3 (i) For any i G / and A G T we have 9^ o k = n o 9 iif and 9n o k = k o 9$ 
on M x . 



(ii) We have /t(m) = ft(m) for any m G M x . 

(iii) We have k(C x ) = C w x for any w G W . 

Proof. The statements (i) and (ii) follow from the definition of 9$ and~ 
Applying k to ( |5.1.1|) we have 



G A- x + ^{q^^-^nq- 1 ' 2 ] H ZforT 1 ])^ 



-A 
y<w 



By (ii) and (|5.1.2| ) we have 

1%C3 = k(C£) = K(q-^Ct) = q- i{w) <C x ). 
Thus we obtain (iii) by Proposition |5.1.2| . Q.E.D. 



Lusztig p2] used Proposition |5.1.2| to compute the twisted intersection cohomology 



groups of the finite-dimensional Schubert varieties. In order to compute that of the finite- 
codimensional Schubert varieties, we need its dual version. 
Set 

iV A = Hom z[M -i ] (M A ,Z[g,g- 1 ]), 

and define B x G iV A for w G W by (B x , A x ) = 5 VtW . Then any element of iV A is uniquely 
written as a formal infinite sum J2w&w a wB x with a w G Z[q, q^ 1 ]. 
For i G I we define 9 i# ,9i\ G Hom zfcr i](Af A , N s * x ) by 

(9i*n,m) = (n,9i*m), (9i\n,m) = (n,9nm) for n G N x ,m G M x . 
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By the definition we have the following. 



e a (B. 



WSi 


if (A, hi) 


£Z, 


WSi 


> w 


^ WSi 


if (A, hi) 


£Z, 


WSi 


< w 


r>A 

WSi 


if (A, hi) 


G Z, 


WSi 


> w 




if (A, h) 


G Z, 


WSi 


< w 




if (A, hi) 




WSi 


> w 


fjSiX 

WSi 


if (A, hi) 


£z, 


WSi 


< w 


qB x Si + (q-l)B x 


if (A, /ij) 


G Z, 


WSi 


> w 


WSi 


if (A, hi) 


G Z, 


WSi 


< w 



Let a i— > a be the endomorphism of the ring Z[g, q *] given by q = q 1 . We define an 
endomorphism n i— ► n of the abelian group iV A by 



(n,m) = (n,m) for n G N x ,m G M A . 
By Lemma |5.1.1| we have n = n for any n G iV A , and 



for any u; G W. Define D A G iV A by (_D A , C A ) = 5 
following. 



By Proposition 5.1.2j we have the 



Proposition 5.1.4 (i) For w G W and AgT we have 
(5.1.3) 
(5.1.4) 

(ii) 7/u; is the element ofwW(X) with minimal length, then for any x G W(X) we have 



DteB^+Y, (q^-^-^Zlq-^) PI Z[g, g" 1 ])^, 

jyx = j(w) D \ 

W ^ It) 



2yGW(A),y> A a: 



A 



where c(x, y) 



£(x)) - (£ x (y) - e x (x)))/2 and Q^ y (q) G Z[q] denotes the 



inverse Kazhdan-Lusztig polynomial for the Coxeter group W(X) given by 

(5.1.5) £ (-^Y x(y) - ex(x) Qiy(q)Py)M = 

x<\y<\z 

Define k G Hom z[?ir i](iV A , N~ x ) by 

(re(n), m) = (n, K(m)) for n G iV A , m G M~ A . 
By Lemma |5.1.3| we obtain the following. 
Lemma 5.1.5 (i) We have n(B x ) = B~ x for any w G W . 
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(ii) For any i E I and A G T we have 9^ o k = k o Q iit and 9n o k = k o #ji on A A . 

(iii) VKe nave «(n) = k(ti) for any n G A A . 

(iv) We have k(-D a ) = D w x for any w G W . 

Let R be a ring containing Z[g, g" 1 ] as a subring. Assume that we are given an 
involutive automorphism r Hfof the ring R and a family of Z-submodules {Ri}i & z of i? 
such that 

(5.1.6) # = 0^, RiRjCRi+j, leRo, geR 2 , g = <r\ 'R i = R. i . 



Define the endomorphism mHmof the abelian group R 



M A by 

a ® m = a ®m for a E R and m G M A . 



Set A^ = Hom R (i?®2[ 9 r i] M A , i?). We can naturally regard A A as a Z[q, q 1 ]-submodule 
of Nr. Define an endomorphism n h- > n of the abelian group A^ by 



(n, m) = (n, m) for n G A^, m £ R ®z[ M -i] M A , 
and a homomorphism k : A^ — > A i? A of -R-modules by 

(«(n), m) = (n, /t(m)) for n G A^, m £ R CSz^g- 1 ! 
Then we have the following characterization of _D A . 



Proposition 5.1.6 Lei w £ W and A G T. v4ss«me i/iai D + G A^ and G A^ ; 

satisfy the following properties: 



(5.1.7) 
(5.1.8) 

TTien we have D 



y>w i<£(y)-e(w)-l 

^{D+) = q^D-. 



±A 



D 



±A 



Proof. Since ( p.l.7| ) and ( |5.1.8|) are satisfied for .D 1 * 1 = -D^ A , it is sufficient to show that 
there exist unique G A^ satisfying (|5.1.7| ) and (|5.1.8| ). 
By ( |5.1.7| ) we have 



D ± = £ F y B t X with F w = 1 and F± G 0. 



i<l(y)-l{w)- 



_ x Ri for y > w. 



y>w 



We have to show that F^ are uniquely determined by the condition ( 5.1.8 ). Write 

If = ]T G VtZ B* with G R, G y , y = q^ . 
z>y 



Then we have 



q-* {w) K{D+)=q- e ^Y,Fy + CLG y , z B-') = Y J { £ q^F+GyjB, 



-A 

2 ) 



y>w 



z>y 



z>w z>y>w 
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and hence 

E Q-^F^GZ = F~ 

z>y>w 

for any z > w. Thus 

F- - q- e ^ +e ^F+ = £ q- eM FjGy~ z 

z>y>w 

for any z > w. By the assumption we have 

F-e i*. g ^M«)^ e R t . 

i<l(z)-i(v))-\ i>i(z)-£(w)+l 

Therefore Ff- are uniquely determined inductively. Q.E.D. 



5.2 Character formula 

For A G fj* and a finite addmissible subset of W 7 , let K(H$(A)) be the Grothendieck group 
of the category H$(A). It is a module with {[•Mw(A)] j ^ as a basis. Let K(M(X)) be 
the projective limit of K(M$(X)), where $ ranges over the set of finite admissible subsets 
ofW. Then {[M w (X)]} we w as well as {[£w(A)]} wgH/ is a formal basis of K(M(X)). 
The aim of this section is to prove the following result. 

Theorem 5.2.1 Let X G t)q, and let w G W such that t{z) > £(w) for any z G wW(X) \ 
{w}. Then for any x G W(X) we have 

(5-2.1) [^(A)] = E {-l) liy) - lix) Qi y {l)[M wy {X% 

(5-2.2) [M WX {X)\ = E P4(1)[^(A)]. 

The proof of this theorem will be given in the next subsection. The corresponding 
result for finite-dimensional Schubert varieties was proved by Lusztig (see [^l|], |22|). 
Note that (§XTJ) and ( pTlfl are equivalent by ( |5~1~3| ). 



By Theorem |4.8.1| , Proposition [4.4.5| and Theorem |5.2.1| , we obtain the following main 
result of this paper. 

Theorem 5.2.2 Assume that A 6 f)* satisfies the following conditions. 

(5.2.3) 2(a, A + p) 7^ (a, a) for any positive imaginary root a. 

(5.2.4) (ct v , A + p) ^ Z<o for any positive real root a. 

(5.2.5) If w E W satisfies w o X = X, then w — 1. 

(5.2.6) (a v , A) G Q for any real root a. 

Then for any w G W(X) we have 

(5.2.7) ch(M(^ o a)) = E p irM) c HHy o A)), 

y>\w 

(5.2.8) ch(L(w o A)) = E (-lY M -^ w) Qi, y (l) ch(M(y o A)). 
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As a special case, we obtain the following result. 



Theorem 5.2.3 Assume that g is finite- dimensional or affine and A 6 fj* satisfies 

(5.2.9) (P v , A + p) G Q \ Z< forany(3eA+. 

(5.2.10) (5, A + p) 7^ if q is affine. Here 5 is an imaginary root. 

Then Q5X7|) and (gXg) /ioW /or any w G W(A). 

In the affine case, the condition (|5.2.5|) on the triviality of the isotropy subgroup of A 
follows from the following well-known lemma. 

Lemma 5.2.4 The isotropy subgroup {w G W; w o A = A} is generated by {sp]f3 G 
A+, (/3, A + p) = 0} whenever q is affine and A G tj* satisfies ( |5.2.10| ). 

In the affine case, we can derive the following result on the non-regular highest weight 
case from the regular highest weight case above by using the translation functors (we omit 
the proof). 

Theorem 5.2.5 Let g be an affine Lie algebra, and assume that A G Pi* satisfies 

(5.2.11) (5,A + p)^0 ; 

(5.2.12) (a v , A + p) G Q \ Z <0 for any positive real root a. 

Then Wq{\) = {w G W] w o A = A} is a finite group. Let w be an element of W(\) which 
is the longest element ofwWo(X). Then we have 

ch(L(w o A)) = £ (-l)^)-^Q^(l) ch(M(y o A)). 
5.3 Hodge modules on flag manifolds 

Let R (resp. Ri for i 6 Z) denote the Grothendick group of the category of mixed Hodge 
structures (resp. pure Hodge structures with weight i) over Q. Then we have R = 0i S z Ri- 
Let Q (k) be the Hodge structure of Tate with weight —2k. Set q = [Q (—1)] G R2, and 
let v 1 — r denote the endomorphism of the ring R induced by the duality operation on 
the mixed Hodge structures. Then the condition (|5.1.6| ) is satisfied for the above R. 



For a smooth C-scheme S, let MH(S') denote the category of mixed Hodge modules 
on S (see Saitop3[). Here we use the convention that the perversity is stabel under the 
smooth inverse image. 

For a scheme 5* satisfying (S) with a smooth projective system {S^jngN, let us denote 
by MH(S') the inductive limit of MH(S' ri ). It is an abelian category and there is an exact 
functor 

MHOS) - M h (V s ) 

We call an object of MH(S') a mixed Hodge module over S. 

For A G r = fjo/P we denote by T H (X) the Hodge module on H corresponding to T(A) 
(see §|3.3|) of weight 0. By the assumption on A, the monodromies of the corresponding 
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local system are roots of unity, and hence it has a structure of variation of polarizable 
Hodge structure. Hence T H (X) is defined as a Hodge module on if of weight 0. 

For a C-scheme S satisfying (S) with an action of if, we can define the twisted if- 
equivariance of mixed Hodge module on S as in § |3~3] by the aid of T H (X). We denote by 
MH(S', A) the category of twisted if-equivariant mixed Hodge modules on S with twist A. 
It depends only on the image of A in T = 1)q/P- 

Recall that X = G/N~ and £ : X — > X is the natural projection. Then B x if acts 
on X by (b, h) o (gN~) = bgh~ l N~ . By the action of H on X, £ : X — > X is a principal 
if -bundle. For a finite admissible subset § of W and A G T we denote by MH$(A) the 
category of twisted (N x if )-equivariant mixed Hodge modules with twist A. 

Set 

MH(A) = limMH$(A). 

Since £}Dx,\ — D% and since £ is a smooth morphism, we have an equivalence £* 
from the category of holonomic -DA-modules to the category of if-equivariant holonomic 
.D^-modules with twist A. Hence we have an exact functor 

(5.3.1) MH(A) — > H(A). 

For w G W, set X w = BwN~/N~ = £,~ l (X w ) and let i : X w X be the embedding. 
By the isomorphism of schemes 

ii x iV(A + n wA + ) X w ((/i, u) h+ uwh^N'), 

we can define a morphism p w : X m — > if by p w (uwh~ 1 N~) = h for it G A^(A + lTu;A + ) and 
he H. We define a Hodge module F,f (A) on X w by (A) = p* w T(X). We denote by the 
same letter F^(X) the object i\F^(X) in the derived category of the category of mixed 
Hodge modules. Let us denote by W F^(X)[— l(w)\ the minimal extension of F^(X)[—£(w)]. 
Then F*(X)[-£(w)} and K F** {X)[-£(w)\ are objects of MH(A). By the functor ( |5XTD , 
F w (X)[—£(w)} and n F w (X)[—£(w)] correspond to the objects M W {X) and C W (X) of H(A). 

For a finite admissible set $, X$ has the iV x if -orbit decomposition X$ = \J w€ ^X w . 
Hence the irreducible objects of MH$(A) is of the form if ® n F^(X)[— £(w)]\X$ for some 
w G $ and some irreducible Hodge structure if. We denote the Grothendieck group of 
MH$(A) by if (MH$(A)). This has a structure of i?-module. We set 

K(MR(X)) = lnnfC(MH$(A)). 

For f 1 G MH(A) we denote by [F] the element of i\~(MH(A)) corresponding to F, and 
F[n] = {—l) n [F}. Any m G if(MH(A)) can be written uniquely as 



m = Y, = E U^(A)] e ff). 

Define an isomorphism 

<p x : K(MH(A)) ^ iV^ 
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of ^-modules by <px([F*(\)\) = B*. 
For % G / we shall define 



Si*, S a G Hom i? (ir(MH(A)),fs:(MH(s 4 A)) 



The definition is analogous to § |4.6| , and we use the notations in 

Set Nf = exp(n(A~ \ {-a*})) C N~, and Z = G/Nf. The group B x H acts on Z 
by (b, h) o (gN,^) = gh~ l N~ . Let : Zo — > X (i — 1, 2) be the morphism defined by 

Pl (gN-)=gN- and p 2 (gNr) = g Si N- . 

We have the commutative diagram 

X <_*_ z X 

Then £' : Z — > Z is a principal if -bundle. The morphisms px an d P2 are S-equi variant, 
and they satisfy the following relation with the action of H . 

(5.3.3) P f*\ = kp ^} „ for h G H and z G Z . 

p 2 (raz) = Si{h)p 2 {z) 

Here Sj is the group automorphism of H corresponding to the simple reflection Si G Aut(f)). 
For F G MH(X, A) we set 

(5.3.4) Sn(F) = Rp 2 <Pi*F, SUF) = Rp 2 *p 1 l F. 



Then H k (Si<(F)) and H k (Si<(F)) are objects of MH(sjA) by ( ggj) . 
We define 5^, G Ho mjJ (i^(MH(A)), A^(MH( Si A))) by 

= £(-i)W^)L = £(-i)W^)]- 

fc it 

Proposition 5.3.1 We /iai>e 

V^A Si* = Oi* ° V?A, <P Si \ ° #i! = #t! V?A- 

Proof. Fix w 6 If such that wsj > w. It is sufficient to show the following: 
(5.3.5) S*[f£(\)] = 



J [F» Si (siX)) if <A,M^Z, 

I K,(A)] if (A,^)GZ, 

r^3^ Sr/^rvn J tW(*a)] if(A,/ii)^z, 

(5.3.o) ^,[^,(A)j - j g -i[ F H (A)] + (g -i_ 1)Ki(A)] jf^^eZ, 



(5.3.7) S«,[i£(A)] 

(5.3.8) ^-KfA)] 



?K,M)] if <A,/^Z, 

g[^(A)] + (ff-l)W(A)] if (AA>eZ. 

[i^(siA)] if (A, /ij) Z, 

[J^(A)] if <A,/w)GZ. 
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Set Y = X w U X WSi and let j : Y — > X be the embedding. 

As in Lemma 1.4.1 and Corollary 1.5.2 in [18|, £># and commute with j\. Hence we 
can reduce these statements to the case g = 5^ where we can check them directly. Details 
are omitted. Q.E.D. 

The duality functor for Hodge modules induces a contravariant exact functor 

D : MH(A) -> MH(-A). 

We also denote by 

D : K(MR(X)) -> K(MB.(—X)). 

the induced homomorphism of abelian groups. By the definition we have the following 
result. 

Lemma 5.3.2 (i) We have 

D(rn) = fD(n) 
for any r G R and n G K(MH(X)). 

(ii) We have 

D o Sj» = Sn oD, D o §n = Si* oD 

on K(ME(X)). 



Proposition 5.3.3 We have 

for any n G K(MR(X)). 
Proof. It is sufficient to show 



y?_ A (Dn) = K((px(n)) 



(cp. x (Bn),AZ x ) = (n(cp x (n)),A-") 



for any w G W. By Lemma |5.1.5| the right side coincides with (tp\(n), A^) and hence we 
have to show 



(5.3.9) 



(^ x (Bn),A- x ) = (vx(n),Ai). 



We first consider the case w = e. In this case we have A^ = A\. We may assume that 
n= [F* (A)] for x G W. Since DF a f(A) ^ F a H (A)(-£(x))[-2£(x)] on a neighborhood of 
X w , we have 

¥>_ A (D[ff(A)]) G g^5- A + £ M ; - A . 

y>x 



Thus the both sides of ( |5.3.9| ) are equal to S XjC . 

For general w G W, take a reduced expression w = ■ ■ ■ s ir . By the definition of 9i 



we have = 6 ir \ ■ ■ ■ 9 il \Af wX . Thus we have 



ax — a. , . . . a. , Aw\ — a. . . . a. AwX — a. . . .a. a^x 
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Hence by Lemma |5.3.2| we obtain 
(v 9 -a(D?t.), A w x ) 



(e hr --e irl!f _ x (Bn),A; wX ) 

(tp„ wX (S iir --S irl -Dn),A: wX ), 

(^ A (D4...5 M n),0, 

(V ? t«A(»S'ii* ' ' ' •S'v* Tl), A^) 

(9 h *---9 lr ^ x (n),A™ x ) 
(v x (n),9 lr *---9 h *Af x ) 



Theorem 5.3.4 We have ip x ([ w F£ (\)}) = D x for any w G W. 



Q.E.D. 



Note that Theorem |5.2.1| is a consequence of Theorem [5.3.4| . In fact, if w G W satisfies 
[z) > £(w) for any z G wW(X) \ {w}, then we have 



(5.3.10) 



\1T T7lH 



yeW(X),y> x x 



in K(MH(\)) for any x G W(X) by Proposition |5.1.4| and Theorem |5.3.4j . Applying the 
canonical homomorphism K(MH(\)) — > K(M(X)) to ( |5.3.10|) we obtain Q5.2.1I) . 

Proof of Theorem Set D ± = (p± x ([*F*(±\)]). It is sufficient to show that D ± 

satisfy the conditions (|5.1.71 ) and (|5.1.8| ) in Proposition |5.1.6| . 



By Proposition 5.3.3 we have 



«Va(W(A)]) 

V-aW^A)])) 

V^-a([D^(A)]) 

¥>-a( 



^f(-A)[-2^)]HH)]) 
A)]) 



and hence (|5.1.8 ) holds. 



For a; G W, let z x : X be the embedding and let MH Z (±A) denote the abelian 

category of twisted N x if-equivariant mixed Hodge modules on X x with twist ±A. Since 
X w is an orbit of N x H , any object of MH :E (±A) has a form H £g> i^(±A) for some 
mixed Hodge module H. Hence its Grothendieck group K(MH. X (±X)) is a free i?-module 
generated by [F* (±A)]. The inverse image functor z* induces a homomorphism 



: X(MH(±A)) - R ([? X F] = l x {[F])[F" (±A)]). 
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of -R-modules. Then we have 



<P±x(n) = £ Un)B± x 

x&W 

for any n G MH(±A) because this formula obviously holds for n = [F^(±\)] with y G W. 
We have obviously l w ([(^ F^ (±\)]) = 1. Let y > w. Since n F^(±\) is pure of weight 0, 
Hi (i*( n F£ (±\))) is a mixed Hodge module of weight < j for any j. On the other hand 
the perversity property of n F^(±\) implies H^ (i*( n F^ (±X))) = for j > £(y) — 
Thus we obtain t y ([(["" F^(±X)}) G Sj<%)-^(«j)-i -^j- Hence the condition ( |5.1.8| ) also 
holds. Q.E.D. 

By using a C x -action, we can prove that, for any j, if J (?*( 7r Fj f (±A))) is a pure Hodge 
module of weight j as in Kazhdan-Lusztig ]19[| and Kashiwara-Tanisaki [|16j. This gives 



the following stronger version of Theorem |5.2.1| . Since this result is not used in this paper, 
the details are omitted. 



Theorem 5.3.5 Let A G T = i)q/P, and let w G W such that £(z) > £(w) for any 
z G wW^A) \ {w}. Let x, y G W^A) such that y > x and write Q^yil) — J2j CjQ 3 

(i) H 2 ^\r y ^F^ x (X)) = for any j G Z. 

(ii) HV(? y {«F£(\)) ~ F^(A)H)®^ /or any j G Z. 
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